Robust state feedback admissibilization of discrete linear polytopic descriptor systems: A strict LMI Approach

Submitted to Automatica (in a shorter version)

Bilal Sari^a, Bilal.Sari@etu.univ-poitiers.fr Olivier Bachelier^a, Olivier.Bachelier@univ-poitiers.fr Driss Mehdi^a, Driss.Mehdi@univ-poitiers.fr

aLAII-ESIP, Bâtiment de Mécanique, 40 avenue du recteur Pineau, 86022 Poitiers Cedex, FRANCE

Version 7

Abstract

This paper deals with a new approach to the robust state feedback control of a class of discrete linear descriptor systems. A strict LMI (Linear Matrix Inequality)-based condition for the admissibility of a discrete descriptor model associated with matrix pencil (E,A) belonging to some set is proposed. The originality lies in the fact that the LMI is linear with respect to A and E. Therefore parameter deflections in the entries of A but also of E can be easily taken into account owing to polytopic description to derive an LMI sufficient robust admissibility condition. Moreover it is shown that the condition can be straightforwardly exploited to derive a static state feedback control law that admissibilizes a closed-loop uncertain descriptor model.

Keywords: Descriptor systems, robust admissibility, matrix inertia, strict LMI.

1 Introduction

This paper is concerned with the problem of admissibility and admissibilization of discrete singular systems Ex_{k+1} = Ax_k, (where E is possibly singular). The study of the singular system, roughly speaking, amounts to the study of the properties of the associated pencil (E, A). Singular (implicit, or descriptor) systems are of great interest as shown in the literature [1, 2, 3]. The descriptor form provides models that are more general and sometimes more natural than the conventional ones [3]. It includes information about static constraints on the state variables in addition to the dynamic ones. Thus, it is useful to represent mechanical systems [4], electrical networks [5], interconnected systems [6], and so on. The interested reader can pay attention to [2, 1, 7] and the references therein.

Many classical concepts and results obtained for conventional systems have been extended to descriptor ones. Let us quote, for instance, controllability and observability, pole assignment, stability analysis [1, 8] and stabilization techniques as well as disturbance rejection [9] and robustness aspects [10].

One of the main differences between conventional models (E = I) and implicit ones is that for implicit models, the roots of the pencil (E, A) can be either finite or infinite. One is usually only interested in the clustering of finite roots in some specified region D of the complex plane. If D is the unit disc, this is referred to as the Schur-stability of the pencil (E,A) and it corresponds to the asymptotic stability of the associated discrete descriptor model. But infinite poles are also influent. In addition to (Schur)-stability, one has to check that the system is regular, meaning that there is a single solution to its state description (some kind of well-posedness), and that it is causal [1]. When the implicit model is (Schur)-stable, regular and causal, it is said to be (Schur)-admissible. In this paper, admissibility and admissibilization by static state feedback control law are addressed.

Among the most well-known simple conditions to test admissibility are the generalized Lyapunov equations [11, 3, 12, 8, 13]. However, the exploitation of such equations in an uncertain context or for design purpose is not always obvious. For this reason, other conditions expressed in terms of LMI (Linear Matrix Inequalities) are proposed [7]. If strict LMI are prefered, some of the first contributions are [14, 15, 16, 17].

Actually, many contributions deal with robust analysis or robust control of descriptor models [18], particularly through (not necessarily strict) LMI approach : see e.g. [10, 19],the seminal work of Masubuchi [20, 21] and the references therein. But very few really consider uncertainty on E. Let us quote [22] where A is however precisely known or [23] for interval matrices. In [24], the case of norm bounded Linear Fractional Transforms (LFT)-based uncertainties on A and E is addressed. Some very good insights can also be found in [25, 26].

Based on some properties of the inertia of Lyapunov-like matrices [27, 28], a strict LMI-formulation is adopted to express a sufficient condition for the admissibility of a discrete implicit system that belongs to a quite large class. The authors really insist on the strictness of the conditions from a computational point of view. Indeed, non strict inequalities are more difficult to handle and equalities impose constraints on the decision variables which make the optimization process harder to solve by existing software and often inappropriate in an uncertain context. It is emphasized that the obtained condition is straightforwardly extended to the case where both matrices A and E are subject to parameter uncertainties involved through a polytopic description. The idea is to prove the existence of a suitable “parameter-dependent Lyapunov-like” matrix, following arguments close to those originally proposed in [29].

Next, this condition is used to derive a state feedback control law that enables the designer to reach the nominal or robust closed-loop robust admissibility. To the authors’ knowledge, it is the first time that the property of the inertia of the Lyapunov-like matrix is exploited for a design purpose.

This paper is organized as follows. Section 2 gives the problem formulation with preliminaries. Section 3 gives the LMI condition for Schur-admissibility of a discrete descriptor system (in the specified class). In section 4, the result is adapted to the presence of polytopic uncertainties affecting matrices A and E. The static state feedback problems for nominal (resp. robust) discrete linear descriptor systems is tackled in Section 5 (resp.Section 6). Section 7 provides a numerical illustration before to conlude.

Notation: In the remainder of the paper the notation is standard unless specified. M^′ is the transpose conjugate of M (only conjugate for scalars). I_q is the identity matrix of order q. I and 0 are identity and zero matrices of appropriate dimensions respectively. In matrix inequalities, M > 0 (M < 0) means that the matrix M is symmetric and positive (negative) definite. Ker(M) is the matrix the columns of which span the right nullspace of the subspace generated by the columns of M. In(M) = [n_+ n_− n_0] is the inertia of the square matrix M where n_+, n_− and n_0 are the number of positive, negative and zero eigenvalues respectively. In the sequel, M^H = M + M^′ for any square matrix M. Symbol ⊗ denotes Kronecker’s matrix product. At last d^∘(P(z)) is the degree of the polynomial P in the unknown z, D^− is the open unit disc and C is the unit circle.

2 Problem formulation

In this section, a series of definitions, properties, lemmas about matrix pencils and descriptor systems is poposed.

Consider the following discrete descriptor system:

E x_{k+1} = A x_k + B u_k, (1)

where x_k ∈ IR^n is the state vector and u_k ∈ IR^m is the control vector. {A;E} ∈ {IR^{n×n}}^2 are real square matrices. Matrix E may be singular. At this stage, the matrices are perfectly known. Some uncertainties in their entries will be introduced in Section 4. Several properties of this excited system can be studied through the autonomous system

E x_{k+1} = A x_k. (2)

The distinction between the above descriptor model and the associated matrix linear pencil (E,A) = Eλ − A is usually omitted. Any mentioned property or definition is either the one of the pencil or the one of the associated system.

Definition 1 Let (E,A) = Eλ − A be a linear matrix pencil where {A;E} ∈ {IR^{n×n}}^2 (the notation (E,A) is usual but not universal) and rank(E) = r ≤ n. The generalized spectrum of the pencil (E,A) is denoted by λ (E,A) and defined by

λ (E,A) = {λ ∈ ( lC ∪ ∞) : det(E,A) = 0}, (3)

and its elements are referred to as the generalized eigenvalues of (E,A).

The finite generalized spectrum λ_f (E,A) is the subset of (λ (E,A) that contains only the finite generalized eigenvalues.

Moreover r is called the generalized order of (E,A) and the degree f is the number of finite generalized eigenvalues, counting algebraic multiplicities.

The spectrum λ (E,A) contains p distinct finite elements with p ≤ f ≤ r and thus the other ones are infinite. Obviously, f = r = n when E is full rank and the pencil can describe a conventional linear time invariant system.

Definition 2 [1] Let (E,A) be a linear matrix pencil where {A;E} ∈ {IR^{n×n}}^2, with generalized order r and degree f . It is said to be:

1. regular if the polynomial in z defined by det(zE − A) is not identically zero;

2. causal if f = d^∘(det(zE − A)) = r;

3. Schur-stable if λ_f (E, A) ⊂ D^−.

Note that the regularity of (E,A) corresponds to the well-posedness of the descriptor system (2) (uniqueness of the solution to the state equation), that the causality of (E,A) is actually the causality of the static subsystem called backward subsystem [7] and that the Schur-stability of (E,A) is nothing but the asymptotic stability of the (dynamic) forward subsystem [7]. The well-posedness is implied by any of the two other properties. Therefore the stability, which is of course compulsory, is however not sufficient and must be completed by causality. This leads to introduce the notion of admissibility.

Definition 3 [1] The discrete singular system (2) is said to be Schur-admissible or simply admissible if (E,A) is Schur-stable and causal.

Now, the reader is reminded of some equivalent forms of a pencil (E,A). First, it must be recalled that any pencil (NEM,NAM) where N and M are full rank square matrices is called an equivalent form [30], meaning that the associated system has the same properties as (2) (well-posedness, stability, causality). The first form is the so-called SVD-like form since it is based upon the singular value decomposition (SVD) of E. Indeed, for any pencil (E,A) with generalized order r, there exist two nonsingular matrices Q and T such that

Ā = [¯ A_{11} Ā_{12} Ā_{21} Ā_{22} ] = QAT, Ē = [ I_r 0 0 0 ] = QET, with Ā_{11} ∈ IR^{r×r}. (4)

Let Q and W be two non singular matrices such that the singular value decomposition of E is

QEW = [ Σ 0 0 0 ] = Ē [ Σ 0 0 I ] S , (5)

where Σ ∈ IR^{r×r} is a diagonal matrix the diagonal entries of which are the non zero singular values of E. Clearly, it comes

Ē = QEWS^{−1} = QET. (6)

Let the matrix Ă be defined by Ā = QAT. (7)

The pencil (Ē,Ā) is an SVD-like form equivalent to (E,A). Let M be defined by

M = Q^{−1} = [ M_1 M_2 M_3 M_4 ] , M_1 ∈ IR^{r×r}. (8)

Also let the matrix R ∈ IR^{r×q} with q = n − r, be such that Ker ([ M_1 M_2 ]) = [ −R I_q ] , (9)

from which the following nonsingular matrix is defined, J = [ I −R 0 I ] ⇒ J^{−1} = [ I R 0 I ] . (10)

Since J^{−1}Ē = Ē, one can easily (and with no loss of generality) substitute Q with Q = J^{−1}Q in (7) and then recover (4). One can then also check that

M = Q^{−1} = Q^{−1}J = [ M_1 0 M_3 M_4 ] . (11)

Besides, let (E, A) be a regular pencil with degree f and generalized order r. There exist two nonsingular matrices U and V such that

Ã = [^ A 0 0 I ] = UAV, Ẽ = [ I_f 0 0 N ] = UEV, (12)

where the eigenvalues of Â ∈ IR^{f × f} are the finite generalized eigenvalues of (E, A) and where N ∈ lC^{(n− f )×(n− f )} is a nilpotent matrix which actually equals 0 when f = r. Such an equivalent form is referred to as the Weierstraß form of the pencil.

It must be recalled that the causality of the associated descriptor model is equivalent to f = r, but also to the nonsingularity of Ā_{22} [1]. In this case, the Weierstraß form becomes a special instance of the SVD-like form. It is then possible to get a Weierstraß form from any SVD-like form through the equivalence operation

Ã = ΓĀϒ = [ Â 0 0 I_{n−r} ] , Ẽ = ΓĒϒ = Ē, (13)

with

Â = Ā_{11} − Ā_{12}Ā^{−1}_{22} Ā_{21}, Γ = [ I_r −Ā_{12}Ā^{−1}_{22} 0 I_{n−r} ] and ϒ = [ I_r 0 −Ā^{−1}_{22} Ā_{21} Ā^{−1}_{22} ] , (14)

meaning that U = ΓQ and V = T ϒ.

In the remainder of the paper, we shall only consider pencils that belong to the set S = S_1 ∪ S_2 where:

• The subset S_1 contains the pencils (E,A) for which M_3 = 0 in (11).

• the subset S_2 contains the pencils (E,A) that lead to Ā_{12} = 0 in (4) with (11).

In practice, the set S is far from empty and many applications lead to models in S. A discussion about the relevance of this set is provided in appendix.

The purpose is to propose LMI conditions to, first, analyze the admissibility of system (2), second, admissibilize the system (1) by a static state feedback control law, third, take polytopic uncertainties on matrices A, B, and E into account in both analysis and design. To reach this goal, we propose a Lyapunov-like admissibility condition of a nominal implicit model as in (2). The main advantages of this condition are as follows:

• There is one single inequality unlike many contributions in the literature;

• The equivalence transformations are not explicitly required in the condition unlike some other contributions;

• The LMI is strict.

Nevertheless, the drawback is that it is proved to be necessary only is some special (but numerous) cases.

Moreover, from this condition, design techniques are derived, both in the nominal and robust cases. Then two other advantages of the condition are highlighted:

• It is straightforwardly extended to the state feedback design problem;

• The polytopic uncertainty on A and E can be naturally involved.

Remark 4 The question of the strictness of the LMI might not seem crucial. Indeed, many LMI conditions encountered in the realm of descriptor systems involve a condition of the form [21, 7]

X^′E^′ = EX ≥ 0, (15)

or of the form [31, 8, 32]

E^′XE ≥ 0. (16)

Condition (15) consists in both an equality and an inequality. Although such kinds of equalities can usually be taken into account by LMI solvers, the numerical experiments tend to show that it might be preferable to avoid them. But, for both conditions (15) and (16), the problem is mostly due to the non strict inequality. As pointed out in [7], the reliability of the numerical tools is rather limited when facing those kinds of inequalities. Particulary, it is sometimes difficult to distinguish infeasibility and marginal feasibility. Nevertheless, it is also explained, for example in [7], how these large inequalities can be transformed into strict inequalities by introducing additonal variables. Unfortunately, those transformations can no longer be efficiently exploited when E is uncertain. This comes from the fact that they require the computation of a constant matrix L = Ker(E), like in the paper [10]. It means that most of the existing LMI conditions are restricted to descriptor models with a precisely known matrix E. In the same way, [17] proposes an alternative to transform non strict LMI into strict ones. But Ker(E) and its complement also need to be computed, what is not suitable in the presence of polytopic uncertainties on E. More precisely, in [17, Theorem 2], robust stability against descriptor LFT-based uncertainties on both A and E is addressed through strict inequalities. But it is unclear how to deal with causality and the structure of the proposed "separator" is hardly exploitable in a polytopic context. However, there are many examples where a polytopic uncertainty on E is revealed as very useful, even for some conventional systems for which an implicit description makes the uncertainty structure simpler.

3 Admissibility of discrete descriptor systems

In this section, an LMI condition for Schur-admissibility of a system in S is established. But before, it is required to state a proposition related to the so-called Generalized Discrete Lyapunov Inequality.

3.1 Generalized Discrete Lyapunov Inequality (GDLI)

In this subsection, a preliminary theorem is presented, which is very close to well-known results concerning the admissibility of a discrete linear implicit model. However, the difference, though maybe weak, introduces special insights of importance for our purpose.

Theorem 5 Let a discrete implicit system be described by (2) with generalized order r. It is admissible if and only if there exists a non singular symmetric matrix P with inertia In(P) = [r (n − r) 0] such that

−EPE^′ + APA^′ < 0. (17)

In this event, any solution to (17) has the same inertia.

Proof. First, it is proved that there exists P = P^′ solution to (17) if and only if (E,A) has no generalized eigenvalue on the unit circle C . It is what is called the C -regularity of the pencil, this expression being borrowed from [28]. The inertia in case of admissibility will be discussed after. Let C be the unit circle defined by C = { s ∈ lC : [ s^′ 1 ]_′ R [ s^′ 1 ] = 0 } , (18)

with R = [ 1 0 0 −1 ] . The pencil (E,A) is C -regular if and only if

det(sE − A) ≠ 0 ∀s ∈ C (19)

⇔ (sE − A)(−τI)(sE − A)^′ < 0 ∀s ∈ C ,∀τ > 0 (20)

⇔ [ sE^′ I ]_′ [ I −A ] (−τI) [ I −A ]_′

Θ

[ sE^′ I ]

N_λ

< 0 ∀s ∈ C ,∀τ > 0. (21)

If one defines the following matrices,

Γ_λ (s) = [ I −s^′I ] , X_λ = [ I 0 0 E^′ ] , (22)

one can then notice that N_λ = Ker(Γ_λ (s)X_λ ) ∀s ∈ C . (23)

Thus, by virtue of the full block S-procedure [33, Theorem 8], inequality (21) holds if and only if there exists a nonsingular matrix P = P^′ such that

X^′_λ [ P 0 0 −P ] X_λ + Θ < 0 ∀τ > 0, (24)

which can be written [ I 0 0 E ][ P 0 0 −P ][ I 0 0 E^′ ] + Θ < 0 ∀τ > 0. (25)

By using Finsler’s lemma [34, Theorem 2.3.10], condition (25) is equivalent to (17) which is some extended Lyapunov-like inequality for descriptor models.

The following reasoning concerns the inertia of matrix P. Like for Lyapunov’s or Stein’s inequality applied to conventional non descriptor models (see [28] and the references therein), the inertia of matrix P depends on the distribution of the eigenvalues with respect to C . So assume that (E,A) is

Schur-admissible and that there exists a matrix P solution to (17). Using the Weierstraß form (13) one gets U^{−1}ÃV^{−1}P(V^′)^{−1} W Ã(U^′)^{−1} −U^{−1}Ẽ V^{−1}P(V^′)^{−1} W Ẽ^′(U^′)^{−1} < 0, (26)

⇔ ÃW Ã^′ − ẼW Ẽ^′ < 0, with W = [ W_1 W_3 W^′_3 W_2 ] , W_1 ∈ IR^{r×r}. (27)

Besides, inequality (27) can be written [ −W_1 + ÂW_1Â^′ ÂW_3 W^′_3Â^′ W_2 ] < 0. (28)

Since Â is Schur-stable, the (1,1)-block of (28) shows that W_1 > 0 by virtue of Stein’s theorem [35]. From the (2,2)-part of of (28), W_2 < 0. W_1 > 0 implies that the r first columns of W , span a subspace associated with r positive eigenvalues. W_2 > 0 implies that the last (n − r) columns span a subspace associated with (n − r) negative eigenvalues. So In(P) = [r (n − r) 0]. □

Remark 6 It must be noticed that some results on the inertias of solutions to generalized Lyapunov equations related to descriptor models exist (see [27] with the references therein) and the present contribution is of course coherent with this literature, though different. It matters to be aware that Lyapunov’s inequality has always a solution unlike Lyapunov’s equality which might have none when E is singular. Hence, one of the authors’ motivations to clearly introduce Theorem 5. The designer can exploit this property of the inertia of P for analysis and design purpose in a polytopic context as it will be seen in the following sections.

Besides, inequality (17) is already known [32, 7]. But it is accompanied by the constraint EPE^′ ≥ 0 which the authors wanted to avoid due to forthcoming polytopic uncertainties. So to invoke [32] would have only proved the necessity of (17) and In(P) would not have been completely deduced, although it is crucial for our purpose.

3.2 An LMI condition for admissibility

Based on the previous result, we now focus on the admissibility analysis through a strict LMI that is linear with respect to A and E.

Theorem 7 Let the descriptor model be described by (2) and belong to S; It is Schur-admissible if and only if there exist matrices Y = Y^′ and G such that L = [ −Y 0 0 Y ] + {[ A −E ] G [ 0 0 I_r 0 0 I_{n−r} 0 0 ]}_H < 0. (29)

Moreover, the matrix G is necessarily nonsingular.

Proof.

Sufficiency: First, let Y be divided into four blocks as follows, Y = [ Y_1 Y_3 Y^′_3 Y_2 ] , where Y_1 ∈ IR^{r×r}. The (r × r)-north-western block of the left handside member of condition (29) shows that −Y_1 < 0 ⇔ Y_1 > 0. Moreover, the (q × q)-south-eastern block of the inequality shows that Y_2 < 0 (with q = n − r). So, one has { Y_1 > 0, Y_2 < 0, . (30) In the same fashion as in the proof of Theorem 5, it can be proved that

In(Y ) = [r q 0]. (31)

Besides, by using transformation (12) and by virtue of Sylvester’s theorem (i.e. by congruence), on can deduce from (29) that

(I_2 ⊗U)L(I_2 ⊗U^′) = [ −P̃ 0 0 P̃ ] + {[~ A −Ẽ ] D̃ }_H < 0, (32)

with P̃ = UYU^′ and D̃ = V^{−1}G [ 0 0 I_r 0 0 I_{n−r} 0 0 ] (I_2 ⊗U^′). (33)

Now define matrix Z̃ by

Z̃ = [ Ẽ Ã ] . (34) It is clear that [~ A −Ẽ ] = Ker(Z̃). (35)

Therefore, left and right multiply inequality (32) by Z̃ and Z̃^′ respectively to get

ÃP̃Ã^′ − ẼP̃Ẽ^′ < 0. (36)

Using transformation (12) again, (36) can be written

UAVP̃V^′ P A^′U^′ −UE V P̃V^′ _P E^′U^′ < 0, (37)

which, once more by congruence, is equivalent to (17). Since In(P) = In(P̃) = [r q 0] (Sylvester’s theorem), by virtue of Theorem 5, the pencil (E,A) is Schur-admissible.

Necessity: Assume that (E,A) ∈ S is Schur-admissible, then so are (Ē,Ā), the equivalent form highlighted in (4), as well as the Weierstraß form (Ẽ,Ã) given in (13-14). Matrix Â is Schur-stable so by Stein’s theorem [35], one can find a matrix P̂ = P̂^′ > 0 such that

−P̂ + ÂP̂Â^′ < 0. (38) Consider the largest positive scalar number μ such that

−P̂ + ÂP̂Â^′ + μĀ_{12}Ā^′_{12} < 0. (39) Define the following matrices:

B = [ 0 0 I_r 0 0 I_q 0 0

]_′

, C = [¯ A^′ −Ē^′ ] = [¯ A^′_{11} Ā^′_{21} −I_r 0 Ā^′_{12} Ā^′_{22} 0 0 ] . (40)

Also notice that, since (Ē,Ā) is causal, Ā^{−1}_{22} exists and one can easily give the following expressions:

Ker(B^′) = [ I_r 0 0 0 0 0 0 I_q

]_′

, Ker(C) = [ I −Ā_{12}Ā^{−1}_{22} Â 0 0 0 0 I_q

]_′ . (41)

It can be checked that, with

Φ = −P̂ 0 0 0 0 μĀ_{22}Ā^′_{22} 0 0 0 0 P̂ 0 0 0 0 −μĀ_{22}Ā^′_{22}

, (42)

due to (39), one gets the two inequalities given in (66). So by virtue of Lemma 12in appendix, there exists a matrix Ḡ such that (67) holds, or equivalently, ⇔ [ −Ȳ 0 0 Ȳ ] + {[¯ A −Ē ] D̄ }_H

< 0, (43)

with

Ȳ = [ P̂ 0 0 −μĀ_{22}Ā^′_{22} ] , D̄ = −C^′Ḡ^′B^′. (44)

Now, from the equivalence (4), inequality (43) amounts to [ −Ȳ 0 0 Ȳ ] + {[ QA −QE ] T D̄ }_H

< 0 (45)

⇔ [ −Y 0 0 Y ]

Ψ + {[ A −E ] D }_H

< 0, (46)

with Y = MȲ M^′ (where M equals Q^{−1}) and

D = T D̄(I_2 ⊗ (M^′). (47)

Now, define Z as a matrix such that

Ker(Z) = [ A −E ] . (48)

Then, it is easy to deduce, by left and right multiplying (46) by Z and Z^′ respectively, that, on the one hand,

ZΨZ^′ < 0. (49)

On the other hand, because of the particular structure of M given in (11), the matrix Y complies with

Y = MȲ M^′ = [ Y_1 Y_3 Y^′_3 Y_2 ] , (50) where Y_1 = M_1P̂M^′_1 > 0 and Y_2 = M_3P̂M^′_3 − μM_4Ā_{22}Ā^′_{22}M^′_4. (51)

Since M_1, M_4 and Ā_{22} are full rank matrices, then with a sufficiently large μ, one gets Y_2 < 0. But μ is not arbitrary in the general case. However, if (E,A) belongs to S_2, then Ā_{12} = 0 thus it is clear from (39) that μ can be chosen arbitrarily large i.e. large enough to get Y_2 < 0. Besides, if (E,A) belong to S_1, then M_3 = 0 what straightforwadly implies Y_2 < 0. Therefore, if (E,A) belongs to S = S_1 ∪ S_2, then Ker(B^′)^′ΨKer(B^′) < 0. (52)

By virtue of Lemma 12 again, (49) together with (52) are equivalent to the existence of some matrix G such that (29) holds.

It is now proved that G is invertible. Assume that there exists a singular matrix G such that (29) holds. There exists a non zero vector z ∈ IR^n such that Gz = 0. Left and right multiply inequality (62) by

z^′ [ 0 0 I_r 0 0 I_{n−r} 0 0 ]

and its tranpose respectively. Then, it comes

z^′ [ Y_1 0 0 −Y_2 ] z < 0 (53)

which is clearly impossible since Y_1 > 0 and Y_2 < 0. □

There are several strict LMI conditions for the Schur-admissibility of a pencil in the literature, such as [14, 15, 36]. Those conditions are necessary even when (E,A) ∈ S. Unfortunately, they do not easily enable one to take polytopic uncertainty into account.

Even if (E,A) ∈ S^−, it is possible that the condition is feasible. However, counterexamples can be found so (29) is not necessary in the general case.

4 Robust admissibility

In this section, the robust analysis of a discrete implicit linear system containing uncertainties is addressed. The condition (29) is extended to the case where the matrices A and E are subject to a polytopic uncertainty. Define the simplex

Ω = α = α_1 . . α_N

∈ IR^n,withαi ≥ 0∀i ∈ {1,...,N}, N ∑_{i=1}^αi^{= 1}

. (54)

The uncertain descriptor model is defined by (1) but with an uncertain triplet of matrices (A, E, B) that complies with

M(α) = [E A B] = ∑^N_{i=1} α_iM_i = ∑^N_{i=1} α_i [E_i A_i B_i],

rank(E(α)) = r ∀α ∈ Ω,

(E(α),A(α)) ∈ S ∀α ∈ Ω.

(55)

The extreme matrices M_i are the vertices of a polytope in which M(α) lies when α describes Ω. It is a rather classical description of uncertainty that is exploited in practice to handle affine dependency on parameters. Note however that there is here a restriction since the rank of E is assumed to be constant over Ω. It is not a drastic restriction since, in practice, the rank is directly related to the structure of the system (i.e. to the number of dynamic and static constraints) that does not change in the presence of uncertainty. This assumption is to be connected to that in [25]. It is hard to check by computational techniques applied to the polytopic pencil but can very often be simply verified on the original affinely parameter-dependent model with no numerical tool. The constraint related to S is discussed in appendix.

The authors insist on the fact that the polytopic uncertainty also affects matrix E which is one of the main motivations in this work. Descriptor forms are meant to arise quite naturally when describing the behaviour of the systems. It is particularly true when parameter deflections are expected. A typical example is an uncertainty on some inertias in the mechanical devices. In such a case, it really matters to preserve the possible linear involvement of the parameters that can appear on E.

The problem for a system corrupted by uncertainty is of course to preserve its performances for all admissible uncertainties or in other words for every instance of matrices E(α), A(α) and B(α), as expressed in the next definition.

Definition 8 The uncertain discrete descriptor system (2) or (1) with (54-55) is robustly Schuradmissible, if it is Schur-admissible for any α ∈ Ω.

Theorem 9 The uncertain discrete descriptor system (2) or (1) with (54-55) is robustly Schur-admissible if there exist matrices Y_i = Y^′_i ∈ IR^{n×n}, i = 1,...N, and G ∈ IR^{n×n} such that

F_i = [ −Y_i 0 0 Y_i ] + ([ A_i −E_i ] G [ 0 0 I_r 0 0 I_{n−r} 0 0 ])_H < 0 ∀i ∈ {1,...,N} (56)

Proof. First consider the following convex combination:

F = F (α) = N ∑_{i=1}^αi^Fi^{< 0. (57)}

⇔ F (α) = [ −Y (α) 0 0 Y (α) ] + {[ A(α) −E(α) ] G [ 0_r 0 I_r 0 0 I_{n−r} 0 0_{n−r} ]}_H < 0, (58)

with

Y (α) = N ∑_{i=1}^αi^Yi^{. (59)}

It is clear that the above inequality is nothing but (29) applied to pencil (E(α),A(α)), what proves the robust Schur-admissibility. □

The linearity of condition (56) with respect to both A_i and E_i enables one to build the convex combination F (α) and thus to make the pencil (E(α),A(α)) be straightforwardly involved in the inequality. This is, to the authors’s knowledge, the first strict LMI condition that allows to consider a polytopic uncertainty on both matrices A and E. The idea is to make Y depend on α in a polytopic way by keeping G constant over the polytope rather than Y is inspired from the idea exploited in [29].

5 Admissibilization of discrete descriptor systems

In this section, an LMI condition to design a Schur-admissibilizing state feedback control law for (1) is proposed. So, it is aimed at finding a control law

u_k = Kx_k, (60) where the feedback matrix K is computed to reach the Schur-admissibility of

Ex_{k+1} = (A + BK)x_k. (61)

Theorem 10 The discrete linear implicit system (1) is Schur-admissibilizable by a state feedback control obeying to (60) if (and only if when (E,A) ∈ S_1) there exist matrices Y = Y^′ ∈ IR^{n×n}, G ∈ IR^{n×n} and S ∈ IR^{m×n} such that [ −Y 0 0 Y ] + (([ A −E ] G + [ B 0 ] S )[ 0 0 I_r 0 0 I_{n−r} 0 0 ])_H < 0. (62)

In this event, a static state feedback control matrix is given by

K = SG^{−1}. (63)

Proof. It suffices to use (63) i.e. to replace S by KG in (62). This change of variable yields condition (29) but with A_c = A + BK replacing A, i.e. [ −Y 0 0 Y ] + {[ A_c −E ] G [ 0_r 0 I_r 0 0 I_{n−r} 0 0 ]}_H < 0. (64)

Therefore, by virtue of Theorem 7, the closed-loop descriptor system (61) is Schur-admissible. The non singularity of G is also guaranteed by Theorem 7. Necessity only holds for (E,A) ∈ S_1 since (E,A) ∈ S_2 does not imply (E,A_c) ∈ S_2 □

6 Robust admissibilization

In this section, the feedback admissibilization problem for descriptor systems is still adressed, but for uncertain models. The condition (62) is extended to the case where the matrices involved in (61) are subject to a polytopic uncertainty.

Theorem 11 The uncertain discrete implicit system (1) with (54-55) is robustly Schur-admissibilizable by a state feedback control obeying to (60) if there exist matrices Y_i = Y^′_i ∈ IR^{n×n}, i = 1,...,N , G ∈ IR^{n×n}, and S ∈ IR^{m×n} such that

R_i = [ −Y_i 0 0 Y_i ] + (([ A_i −E_i ] G + [ B_i 0 ] S )[ 0 0 I_r 0 0 I_{n−r} 0 0 ])_H < 0 ∀i. (65)

In this event, a static state feedback matrix is given by (63).

Proof. It is quite straighforward since it hinges upon the proofs of Theorems 9 and 10. It suffices to build the (obviously negative definite) convex combination R(α) = ∑^N_{i=1} α_iR_i and then to apply the change of variable (63) in the sense S = KG (note that, once again, G is nonsingular from Theorem 7) to recover the LMI admissibility condition applied to the uncertain closed-loop pencil (E(α),A_c(α) = A(α) + B(α)K). A key point is that the obtained condition is also linear with respect to B_i. □

7 Illustrative example

In this section, the presented approach is illustrated by a numerical example. It is focused on admissibilization of a non causal (even non regular) singular system. Consider the descriptor model (1) with A = 0 1 0 0 −20 + δ_2 −20 + δ_2 2 2 2 0 0 0 5 2 0 0

, B = 0 1 1 + 0.5δ_2 0 0 0 0 ,

E = 1 0 0 0 0 50 + δ_1 0 0 0 0 0 0 0 0 0 0 , with −5 ≤ δ_1 ≤ 5 and −6 ≤ δ_2 ≤ 6. Note that rank(E) remains equal to 2 over the uncertainty domain. The pencil (E,A) belongs to S_2 since it is a SVD-like form. However, it is not regular (det(sE − A) = 0∀s) and therefore neither stable nor causal. When δ_1 and δ_2 vary in their ranges then Matrix [E A B] lies in a polytope of N = 4 vertices, as defined in (55), with (54). The purpose is here to derive a static state feedback control law as given in (60), that makes the closedloop system associated with pencil (E, A + BK) be robustly admissible with respect to the polytope of matrices. An LMI solver is used to apply Theorem 11 and thus to find the feedback matrix K = [ 29.4129 28.2683 −2.6173 −3.1251 −0.0639 −1.0642 0.0046 0.0071 ] . (The digits are meaningful but no additional are required.) This static state feedback robustly Schuradmissibilizes the considered descriptor system, i.e. the closed-loop system becomes regular, causal and Schur-stable for any instance of δ_1 and δ_2. The inertia of Y (α) is imposed: In(Y (α)) = [r 2 0], meaning that any closed-loop system (E(α), A(α) + B(α)K), α ∈ Ω, has exactly r = 2 eigenvalues inside the unit disc, none on C and 2 at infinity.

8 Conclusions

In this paper, a matrix inequality that provides a new sufficient strict LMI condition for Schuradmissibility of discrete descriptor systems has been proposed. Based on this result, a simple and tractable strict LMI condition to synthesize a state feedback control law that Schur-stabilizes the closed-loop system has been derived. The use of the notion of matrix inertia allows the choice of the distribution of eigenvalues with respect to the unit circle. This has actually been used to guarantee the Schur-admissibility of the closed-loop singular system. Although the condition is only proved to be sufficient, it is at least necessary for a wide set og interesting models. Moreover, a robust Schuradmissibilizing state feedback control law has also been proposed for polytopic uncertain discrete singular systems. The presented numerical examples have illustrated the usefulness of the proposed methods. The authors insist on the strictness of the LMI condition and on its linearity with respect to E, A, and B. This linearity enables the consideration of uncertain parameters on singular matrix E, which, to the authors’ knowledge, is rarely encountered in the literature. For this reason, it can hardly be compared to other conditions in the literature, in terms of conservatism.

Appendix

Lemma 12 (Simplified version of [34, Theorem 2.3.12]). Let Φ be a symmetric matrix and let B and C be real matrices. The following statements are equivalent.

i) { Ker(B^′)^′ΦKer(B^′) < 0, Ker(C)^′ΦKer(C) < 0. (66)

ii) There exists a matrix G such that

Φ + (BG C)^H < 0. (67)

Discussion about the relevance of the set S

The set is essentially defined by S_1. Firstly, any SVD-like form belongs to S_1 (mechanical devices are

naturally modelled by SVD forms). But it is also the case of any pencil with E = [ E_{11} E_{22} 0 0 ] and E_{11} ∈ IR^{r×r}. Secondly, any pencil with E = [ 0 0 E_{21} E_{22} ] and E_{22} ∈ IR^{r×r} can be transformed into

the previous one simply by appropriately sorting the state variables. Note that such a transformation modifies the location of the entries in A and E but not the entries themselves. Therefore, it preserves the polytopic structure of the uncertainty. Thirdly, once a nominal model is in S_1, or can be easily transformed so as to be in, an affinely parameter-dependent uncertainty unlikely makes it leave S_1, as illustrated by the example of section 7. At last, the set S_1 is of course larger that the one simply made up by the above-mentioned cases. Examples tend to show that it is better to sort the state variables so as to have the r first rows of E linearly independent.

The set S_2 is less easy to apprehend. It corresponds to a technical assumption. Although this set is clearly not empty, it is obviously smaller than S_1 and its invariance against a polytopic uncertainty is difficult to check and actually not really probable. So, in practice, S ≃ S_1.

References

[1] L. Dai. Singular Control Systems. Lecture Notes in Control and Information Sciences, Vol.118.

Springer-Verlag, 1989.

[2] G. C. Verghese, B. C. Lévy, and T. Kailath. A generalized state-space for singular systems.

IEEE Transactions on Automatic Control, 26(4):361–375, August 1981.

[3] F. L. Lewis. A survey of linear singular systems. Circuits, Systems, and Signal Processing, 5(1):3–36, 1986.

[4] P. C. Müller. Modified Lyapunov equations for LTI descriptor systems. Journal of the Brazilian Society of Mechanical Sciences and Engineering, 28(4), October–December 2006.

[5] B. Dziurla and R. Newcomb. The Drazin inverse and semi-state equations. In Proc. 4th International Symposium on Mathematical Theory of Networks and systems (MTNS), pages 283–289, Delft, Netherlands, July 1979.

[6] H. H. Rosenbrock and A. C. Pugh. Contributions to a hierarchical theory of systems. International Journal of Control, 19(5):845–867, 1974.

[7] A. Rehm. Control of Linear Descriptor Systems: A Matrix Inequality Approach. VDI Verlag, D^{..}usseldorf, Germany, 2004.

[8] J. Y. Ishihara and M. H. Terra. On the Lyapunov theorem for singular systems. IEEE Transactions on Automatic Control, 47(11):1926–1930, 2002.

[9] I. Masubuchi, Y. Kamitane, A. Ohara, and N. Suda. H_∞ control for descriptor systems: A matrix inequalities approach. Automatica, 33(4):669–673, 1997.

[10] S. Xu and J. Lam. Robust stability and stabilization of discrete singular systems: An equivalent characterization. IEEE Transactions on Automatic Control, 49(4):568–574, 2004.

[11] D. J. Bender. Lyapunov-like equations and reachability observability Gramians for descriptor systems. IEEE Transactions on Automatic Control, 32(4):343–348, 1987.

[12] K. Takaba, N. Morihira, and T. A. Katayama. A generalized Lyapunov theorem for descriptor system. Systems & Control Letters, 24(1):49–51, 1995.

[13] A. Varga. On stabilization methods of descriptor systems. Systems & Control Letters, 24(2):133– 138, 1995.

[14] E. Uezato and M. Ikeda. Strict LMI conditions for stability, robust stability and H_∞-control of descriptor systems. In Proc. 38th Conference on Decision Control, Phoenix, Arizona, USA, December 1999.

[15] B. Marx, D. Koenig, and D. Georges. Robust pole-clutering in LMI regions: a characterization via strict LMI. In Proc. European Control Conference, Cambridge, UK, 2003.

[16] M. Chaabane, O. Bachelier, M. Souissi, and D. Mehdi. Stability and stabilization of continuous descriptor systems: an LMI approach. Mathematical Problems in Engineering, 2006:1–15, 2006.

[17] D. Peaucelle. Quadratic separation for uncertain descriptor system analysis, strict LMI conditions. In Proc. 46th IEEE Conference on Decision and Control (CDC), New Orleans, USA, December 2007.

[18] S Xu, J. Lam, and C. Yang. Robust H_∞ control for uncertain discrete singular systems with pole placement in a disk. Systems & Control Letters, 43:85–93, 2001.

[19] L. Gao, W. Chen, and Y. Sun. On robust admissibility condition for descriptor systems with convex polytopic uncertainty. In Proc. American Control Conference, Denver, Colorado, USA, June 2003.

[20] I. Masubuchi, T. Akiyama, and M. Saeki. Synthesis of output feedback gain scheduling controllers based on descriptor LPV system representation. In Proc. 42th IEEE Conference on Decision and Control (CDC), pages 6115–6120, Hawai, December 2003.

[21] I. Masubuchi. Output feedback controller synthesis for descriptor systems satisfying closed-loop dissipativity. Automatica, 43:339–345, 2007.

[22] C. Lin, J. L. Wang, G.-H. Yang, and J. Lam. Robust stabilization via state feedback for descriptor systems with uncertainties in the derivative matrix. International Journal of Control, 73(5):407– 415, 2000.

[23] C. Lin, J. Lam, J. L. Wang, and G.-H. Yang. Analysis on robust stability for interval descriptor systems. Systems & Control Letters, 42:267–278, 2001.

[24] B. Sari, O. Bachelier, and D. Mehdi. An S-regularity approach to the analysis of descriptor models. In Proc. 47th IEEE Conference on Decision and Control (CDC), Cancun, Mexico, December 2008.

[25] T. Iwasaki and G. Shibata. LPV system analysis via quadratic separator for uncertain implicit systems. IEEE Transactions on Automatic Control, 46(8):1195–1208, 2001.

[26] D. Peaucelle, D. Arzelier, D. Henrion, and F. Gouaisbault. Quadratic separation for feedback connection of an uncertain matrix and an implicit linear transformation. Automatica, 43:796– 804, 2007.

[27] T. Stykel. Stability and inertia theorems for generalized Lyapunov equations. Linear Algebra and its Applications, 355:297–314, 2002.

[28] O. Bachelier, D. Henrion, B. Pradin, and D. Mehdi. Robust Matrix Root-Clustering of a Matrix in Intersections or Unions of Subregions. SIAM Journal of Control and Optimization, 43(3):1078–1093, 2004.

[29] M. C. de Oliveira, J. Bernussou, and J. C. Geromel. A new discrete-time robust stability condition. Systems & Control Letters, 37(4), July 1999.

[30] F. R. Gantmacher. Theory of matrices (2 volumes). Chelsea Publishing, New York, 1959.

[31] S. Xu and C. Yang. Stabilization of discrete-time singular systems: A matrix inequality approach. Automatica, 35:1613–1617, 1999.

[32] A. Rehm and F. Allgöwer. An LMI approach towards stabilization of discrete-time descriptor systems. In Proc. 15th IFAC World Congress, Barcelona, Spain, July 2002.

[33] C. W. Scherer. LPV control and full block multipliers. Automatica, 37:361–375, 2001.

[34] R. E. Skelton, T. Iwasaki, and K. Grigoriadis. A unified approach to linear control design. Taylor and Francis series in Systems and Control, 1997.

[35] P. Stein. Some general theorems on iterants. Journal of Research of the National Bureau of Standards, 48:82–83, 1952.

[36] O. Rejichi, O. Bachelier, M. Chaabane, and D. Mehdi. Robust root-clustering analysis in a union of subregions for descriptor systems. IET Control Theory and Applications, 2(7):615–624, 2008.