Rapport Interne No 20041208OB v. 1

On Pole Placement via Eigenstructure

Assignment Approach

Soumis à IEEE Transactions on Automatic Control

Olivier Bachelier^a, Olivier.Bachelier@univ-poitiers.fr Jérôme Bosche^b, jerome.bosche@u-picardie.fr Driss Mehdi^a, Driss.Mehdi@univ-poitiers.fr

aLaii-Esip, Bâtiment de Mécanique, 40 avenue du recteur Pineau, 86022 Poitiers Cedex, France bCREA, IUT, Département Informatique, Avenue des facultés 80 000 AMIENS, FRANCE

Version 1

Résumé

This paper comes back to the hard problem of pole placement by static output feedback : let a triplet of matrices {A; B; C} ∈ IR^{n×n} × IR^{n×m} × IR^{p×n} be given, find a matrix K ∈ IR^{m×p} such that the spectrum of A + BKC equals a specified set. Based upon an eigenstructure assignment approach, a simple technique that generically assigns m + p roots is proposed when mp > m + p. It therefore enables to assign the whole of the desired spectrum when m + p ≤ n < mp.

Mots-clés

Pole placement, eigenstructure assignment, Kimura’s condition.

1 Introduction

Due to its interest in practical control applications, pole placement of linear models by static output feedback has received a large amount of attention since the first contributions of Davison [1–3]. The associated problem consists in considering a triplet of matrices {A; B; C} ∈ IR^{n×n} ×IR^{n×m} ×IR^{p×n} and in finding a matrix K ∈ IR^{m×p} such that the spectrum of the closed-loop matrix A_c = A + BKC equals a set of arbitrarily specified values {λ_i, i = 1, ..., n}. At first sight, there should be enough components in K to assign n poles if mp ≥ n. However, due to the nonlinearity of the problem, such a simple reasoning cannot be seriously followed. Nevertheless, in [4, 5], it was proved that mp ≥ n is

Rapport Interne No 20041208OB v. 1

actually a necessary and sufficient condition for the existence of a complex gain K that solves the problem.

For a real feedback, this condition does not hold anymore as shown by counterexamples provided in [6]. In that case, a first sufficient condition for generic assignability was proposed in [7] : m+p > n. It is often referred to as Kimura’s condition. The same condition was also obtained in [5]. More recently, a less restrictive sufficient condition for generic assignability was established in [8] : mp > n (only generic as illustrated by the counterexample of [9]). It was also reached through a different approach in [10, 11].

But even when one can reasonably hope that some real solution K exists (i.e. when mp > n), it matters to have a technique to derive such a gain at one’s disposal. The only one available to the authors’ knowledge was presented in [8]. It requires to perform an optimization process based on Newton’s method. If optimization is to be avoided and direct computation is preferred, the best results are those connected to the notion of eigenstructure assignment. Several techniques enable to address the static output feedback problem. They rely on the pioneer work of [12] on state feedback. Among the possible approaches, the most significant ones are the parametric approach [13], the elegant geometric approach [14] and the approach relying on two Sylvester equations coupled by an orthogonality conditions [15]. Let another less known contribution be quoted : [16]. The advantage of the geometric and parametric approaches is that the degrees of freedom are easily identified but the desired spectrum must comply with some specified partition. Note that the latter one is less restrictive than the former one since the spectra of A and A_c can intersect each other. The “Sylvester” approach is even less restrictive about the partition of the spectrum and is very tractable for implementation. It appears that Kimura’s condition is generically necessary for those various techniques to be applied. In other words, as far as these methods are concerned (in their original presentations), Kimura’s condition can nearly be seen as a necessary and sufficient condition for generic pole assignability by output feedback. That is why, from a practical point of view, it remains the most popular one.

However, since a better generically sufficient condition is mp > n, many authors aimed their efforts towards the case m + p ≤ n. Recently, an explicit form of the assignment equations with respect to the entries of the feedback matrix was proposed in [17] through an algebraic approach.. It may enable to address the problem in some special cases among which the case m = p = 2, n = 4 is the most interesting. Concerning eigenstructure approach, discerning insights can be found in [18] but the most powerful result might be the one proposed in [19]. In this contribution, an optimization procedure may enable to solve the case m + p = n (but some convenient initialization has to be guessed). The present paper must be connected to [19]. When mp > m + p, using the classical eigenstructure assignment approach, it aims at assigning m + p eigenvalues of A_c by direct computation of K, while avoiding an optimization process. The complete spectrum assignment can therefore generically be tackled for the case m + p = n < mp.

Section 2 recalls some classical properties of the eigenstructure after the problem is presented. In Section 3, the main result is stated. It consists in characterizing the spectrum assignment by an “assignment equation”. In section 4, assignment techniques are deduced from this equation for the above-mentioned cases. Section 5 proposes some numerical illustration before the paper is concluded in Section 6.

2 Problem statement and Background

The problem to be addressed is now stated.

Rapport Interne No 20041208OB v. 1

Problem 1 Let {A; B; C} ∈ IR^{n×n} × IR^{n×m} × IR^{p×n} be a triplet of matrices satisfying the following assumptions :

(i) (A, B, C) is minimal ; (ii) mp > n (Wang’s condition) ;

(iii) rank(B) = m ≤ n & rank(C) = p ≤ n ; (iv) mp > m + p.

Let {λ_i, i = 1, ..., n} be a set of n complex distinct eigenvalues such that {λ_i, i = 1, ..., m} and {λ_j , j = m + 1, ..., n} are closed under conjugation. Find a matrix K ∈ IR^{m×p} such that the spectrum of A_c = A + BKC equals {λ_i, i = 1, ..., n}.

Condition (iv) means that Wang’s condition is stronger than Kimura’s one for the considered models. It will be justified when partial placement is handled. Also note that only distinct eigenvalues (i.e. with multiplicity 1) are here considered for the sake of conciseness. However, the case of multiple eigenvalues can also be tackled. An actual restriction is the separation of the whole spectrum between two self-conjugate subspectra which does not encompass all the possible pole placement problems. The attention is focused on the eigenstructure (eigenvalues and eigenvectors) of A_c. The reasoning is borrowed from [12] and is a basis for the results of Section 3. The spectrum of A_c is associated to right eigenvectors v_i, i = 1, ..., n by the relations

A_cv_i = λ_iv_i ∀i ∈ {1, ..., n} (1)

⇔ (A − λ_iI_n)v_i + BKCv_i = 0 ∀i ∈ {1, ..., n} (2)

⇔ (A − λ_iI_n)v_i + Bw_i = 0 ∀i ∈ {1, ..., n} (3)

where the vectors w_i = KCv_i are known as the input directions. Consequently, v_i belongs to the set S_i defined by

S_i = {v ∈ lC^n | (∃w ∈ lC^m | (A − λ_iI_n)v + Bw = 0)} ∀i ∈ {1, ..., n}. (4)

This set is the so-called (A, B)-characteristic subspace [14] and is of dimension m when (A, B) is controllable. To derive v_i in S_i, let the vectors π_i be defined by π_i = [ v^′_i w^′_i

]_′ . Then

T_iπ_i = 0 with T_i = [ A − λ_iI_n B ] ∀i ∈ {1, ..., n} (5)

and thus

π_i ∈ Ker(T_i). (6)

Let R_i be a matrix the columns of which span the right nullspace of T_i i.e.

Span(R_i) = Ker(T_i) = [ N_i M_i ] ∀i ∈ {1, ..., n}, (7)

where N_i ∈ lC^{n×m} and M_i ∈ lC^{m×m}. Each vector π_i is then characterized by some non-zero parameter vector z_i ∈ lC^m such that

π_i = R_iz_i ∀i ∈ {1, ..., n}, (8)

Rapport Interne No 20041208OB v. 1

from which it can be deduced that

v_i = N_iz_i ∀i ∈ {1, ..., n}.

w_i = M_iz_i (9) z_i represents the degrees of freedom (dof) available to assign v_i as a right eigenvector associated to λ_i. Since v_i (or w_i) can be scaled by any non-zero factor (one talks about eigendirection rather than eigenvector), each z_i provides (m − 1) dof. When C = I_n (state feedback), any choice of z_i, i = 1, ..., n, (z_i ∈ IR^m if λ_i ∈ IR, and z_i = z̄_j if λ_i = λ̄_j) such that the various v_i are linearly independent yields a matrix

K = W V^{−1} with { V = [ v_1 . . . v_n ] W = [ w_1 . . . w_n

] (10)

that assigns the spectrum {λ_i, i = 1, ..., n} for A_c [12]. Besides, if static output feedback is to be computed, only partial pole placement might be achieved. Indeed

K = W_pV^{−1}_p with { V_p = [ Cv_1 . . . Cv_p ] W_p = [ w_1 . . . w_p

] (11)

assigns only {λ_i, i = 1, ..., p} as partial spectrum. In this case, the vectors Cv_i, i = 1, ..., p, must be linearly independent.

The same reasoning can be followed for the left eigenstructure. By duality, the left eigenvectors u_i ∈ lC^n defined by

u^′_iA_c = λ_iu^′_i ∀i ∈ {1, ..., n} (12)

belong to the (A^′, C^′)-characteristic subspace S̃_i and can be chosen through parameters x_i ∈ lC^p such that

u^′_i = x^′_iÑ^′_i ∀i ∈ {1, ..., n} l^′_i = x^′_iM̃^′_i (output directions),

(13)

where R̃_i = [~ N_i M̃_i ] span the left nullspace of

T̃_i = [ A − λ_iI C ] . (14)

and only m eigenvalues {λ_i, i = 1, ..., m} are assigned by the output feedback matrix

K = (U^′_m)^{−1}L^′_m with { U_m = [ B^′u_1 . . . B^′u_m ] L_m = [ l_m . . . l_m ] . (15)

When B = I_n, a complete pole placement is obtained owing to the output injection matrix

K = (U^′)^{−1}L^′ with { U = [ u_1 . . . u_n ] L = [ l_1 . . . l_n ] . (16)

Rapport Interne No 20041208OB v. 1

Note that both sets of eigenvectors are not independent on each other. These vectors can be scaled so that the modal matrices U and V satisfy the orthogonality condition

U^′V = I_n. (17)

Remarque 1 It really matters that the sets {λ_i}, {z_i} and {x_i} are closed under conjugation and more precisely that λ_i ∈ IR ⇒ {z_i; x_i} ∈ IR^m × IR^p and λ_i = λ̄_j ⇒ (z_i = z̄_j & x_i = x̄_j), otherwise the deduced matrix K that assigns the specified poles could be complex. See [12] for details about how to obtain a real K and to reduce numerical effects of imaginary parts.

3 Eigenstructure assignment equality

In this paragraph, the eigenstructure assignment is characterized by a single equality that is the basis for the present approach.

Assume that K assigns the m first eigenvalues. Such a K can be defined by (15). If the purpose is to assign the whole spectrum, then it is necessary that K satisfies the eigenstructure properties for the r = n − m remaining roots.

The remaining eigenvalues λ_j , j = m + 1, ..., n, are such that the associated eigenvectors v_j and input directions w_j comply with

w_j = KCv_j ∀j ∈ {m + 1, ..., n} (18)

⇔ M_j z_j = KCN_jz_j ∀j ∈ {m + 1, ..., n}. (19)

From (15), one gets

M_j z_j = (U^′_m)^{−1}L^′_mCN_jz_j ∀j ∈ {m + 1, ..., n} (20)

⇔ U^′_mM_jz_j − L^′_mCN_jz_j = 0 ∀j ∈ {m + 1, ..., n} (21)

⇔ x^′_1Ñ_1 . . x^′_mÑ_m

BMjzj − x^′_1M̃_1 . . x^′_mM̃_m

CNj zj = 0 ∀j ∈ {m + 1, ..., n}. (22)

These r equalities are summarized by the following matrix equality :

XY Z = 0 (23)

where

X = blocdiag{x^′_i, i = 1, ..., m} ∈ lC^{m×mp}, (24)

Z = blocdiag{z_j , j = m + 1, ..., n} ∈ lC^{mr×m}, (25)

Y = Ñ^′BM − M̃^′CN , (26)

with

Rapport Interne No 20041208OB v. 1

Ñ = [ Ñ_1 . . . Ñ_m ] M̃ = [ M̃_1 . . . M̃_m ] N = [ N_{m+1} . . . N_n ] M = [ M_{m+1} . . . M_n ] . (27)

This paragraph is summarized by the next proposition.

Proposition 1 There exists a solution to Problem 1 if and only if there exists some non zero vectors x_i ∈ lC^p, i = 1, ..., m, and z_j ∈ lC^m, j = m + 1, ..., n, such that

(i) x_k ∈ IR^p if λ_k ∈ IR, x_h = x̄_l if λ_h = λ̄_l, z_r ∈ IR^m if λ_r ∈ IR and z_s = z̄_t if λ_s = λ̄_t ; (ii) The vectors (x^′_iM̃^′_i B) are linearly independent ; (iii) Equality (23) is satisfied. A solution is then given by (15).

Condition (i) reduces the set of solutions to real feedback matrices. Condition (ii) ensures that K can be computed owing to (15). Condition (iii) corresponds to the actual assignment equality and encompasses v_j ∈ S_j , u_i ∈ S̃_i and (17). The problem therefore appears to be essentially bilinear since X and Z have to be found so that to check (23). A suitable solution may not be easy to reach. However, some special cases are considered in the sequel.

4 Eigenvalue assignment procedures

4.1 m + p > n ⇔ p > r (Kimura’s condition)

In this case, condition (iv) of Problem 1 can be omitted. Matrix Z defined in (25) is arbitrarily chosen. Matrix product Y Z ∈ lC^{mp×r} is at most of rank r so if Y Z is written as follows

Y Z =

Ỹ_1 . . Ỹ_m with Ỹi ∈ lC^{p×r} ∀i ∈ {1, ..., m}, (28)

it appears that the generic rank of Ỹ_i cannot exceed r < p. Thus, a basis of the left nullspace of Ỹ_i can be computed. Let X^′_i be the left orthogonal complement of Ỹ_i such that

X^′_i Ỹ_i = 0 ∀i ∈ {1, ..., m}. (29) The generic dimension of X_i is p × (p − r). Let β_i ∈ IR^{p−r} be any non-zero parameter vector ∀i ∈ {1, ..., m}. It comes that β^′_iX^′_i Ỹ_i = 0 and then the choice x_i = X_iβ_i, , ∀i ∈ {1, ..., m} provides a solution to (23) from which some matrix K can be computed thanks to (15).

Remarque 2 This solution is real provided Remark 1 is respected, which is not really restrictive since Z is free. If Z is suitably chosen i.e. if {z_j } is closed under conjugation, so is {x_i}.

Remarque 3 Each vector z_j provides (m − 1) dof and each vector β_i provides (p − r − 1) dof so (r(m − 1) + m(p − r − 1)) = mp − n among the mp offered by K are used to assign the eigenvectors. The n remaining dof in K correspond to the choice of the desired spectrum. Thus, all the flexibility brought by K can be exploited. For good insights about eigenvector assignment, see [20].

Rapport Interne No 20041208OB v. 1

Remarque 4 This technique provides results which are equivalent to those induced by the technique in [15]. However, the basic idea may seem closer to the one developed in [13].

4.2 m + p = n ⇔ p = r (Kimura’s non strict condition)

Following the same reasoning as in the previous paragraph fails because X_i cannot be computed. Indeed, Ỹ_i is generically of full rank p. The idea is to compute Z such that Ỹ_i becomes rank deficient i.e. rank(Ỹ_i) = p − 1. There exist many suitable matrices Z among which some can be picked up. Define Z ∈ lC^{mp×(mp−n)}, a matrix whose columns span the right nullspace of Y . Thus, any vector γ ∈ IR^{mp−n} is such that g = Zγ belongs to the nullspace of Y and checks

Y g = Y z_{m+1} . . z_n

= 0 with zj ∈ lC^m ∀j ∈ {m + 1, ..., n}. (30)

Also write Y as follows :

Y = [ Y_{m+1} . . . Y_n ] with Y_j ∈ lC^{mp×m} ∀j ∈ {m + 1, ..., n}. (31)

From (30) and (25), the columns of the product Y Z are linearly dependent so each matrix Ỹ_i is of generic rank p − 1. At this stage, one can proceed as in the previous paragraph by computing matrices X_i. Except additional rank deficiency in Ỹ_i, each matrix X_i is reduced to a vector x_i = X_i. From these vectors, equation (15) leads to a solution K.

Remarque 5 The flexibility available is that offered by γ, hence (mp − n − 1) dof. Since K offers mp dof with n being used for the choice of the desired spectrum, it means that only one dof is not exploited.

A particular attention has to be paid to the case of complex desired eigenvalues. In the previous paragraph, as Z was free, it was easy to respect Remark 1. However, Z is here no longer free and is deduced from Z. If Z is written as follows,

Z = Z_{m+1} . . Z_n with Zj ∈ lC^{m×(mp−n)} ∀j ∈ {m + 1, ..., n}, (32)

analyzing the structure of Y given by (26) enables to conclude that a possibility to compute Z is to satisfy [ M CN ] Z = 0. (33)

Note that M_k ∈ IR^{m×m} and N_k ∈ IR^{n×m} if λ_k ∈ IR and M_h = M̄_l and N_h = N̄_l if λ_h = λ̄_l. Denote M̂ the matrix obtained from M by replacing each block [M_h M_l] by [2Re(M_h) − 2Im(M_h)]. Achieve the same procedure to get N̂ from N . Compute matrix

Ẑ =

Ẑ_{m+1} . . Ẑ_n

∈ IR^{mp×(mp−n)} with Ẑj ∈ IR^{m×(mp−n)} ∀j ∈ {m + 1, ..., n} (34)

Rapport Interne No 20041208OB v. 1

such that [^ M CN̂ ] Ẑ = 0. (35)

A matrix Z can be deduced by choosing

Z_k = Ẑ_k if λ_k ∈ IR, [ Z_h Z_l ] = [^ Z_h + iẐ_l Ẑ_h − iẐ_l ] if λ_h = λ̄_l ∈ lC .

(36)

At this stage, the matrices X_i ∈ lC^{(p−r)×p} can be directly computed. Nevertheless, it is possible to avoid the calculation of complex nullspaces by proceeding as follows. For each pair of conjugate eigenvalues {λ_h; λ_l}, replace matrix [~ Y_h Ỹ_l ] by Ŷ_h = [ Re(Ỹ_h) Im(Ỹ_h) −Im(Ỹ_h) Re(Ỹ_h) ] , (37)

and compute the matrix [^ X_h X̂_l ] , with {X̂_h; X̂_l} ∈ {IR^{2×2p}}^2. (38)

such that [^ X_h X̂_l ]^ Y_h = 0. (39)

The corresponding matrices X_h and X_l are given by : { X_h = X̂_h + iX̂_l X_l = X̂_h − iX̂_l.

(40)

Remarque 6 It is amazing to note that the technique succeeds when Z can be computed i.e. if mr > m + p ⇔ mp > n, which is Wang’s condition for generic arbitrary assignment [8] (condition (ii) in Problem 1). In this case condition (ii) implies condition (iv).

4.3 m + p < n (partial pole placement)

Since only partial pole placement must be achieved, condition (ii) in Problem 1 is now omitted. The reasoning is quite close to that of the previous paragraph. Compute matrices M̂ and N̂ . Matrix Ẑ ∈ IR^{mp×(mr−m−p)} can be computed so that its upper part makes I_{mr−m−p} appear i.e.

Ẑ = [ I_{mr−m−p} H ] = [ ξ_1 . . . ξ_{mr−m−p} ] , (41)

with H ∈ IR^{(m+p)×(mr−m−p)}. Define the matrix Ž from Z by

Rapport Interne No 20041208OB v. 1

Ž = [ ξ_{m(r−p)+1} . . . ξ_{mr−m−p} ] =

Ž_{m+1} . . Ž_n

∈ IR^{m×(mp−m−p)}, with Žk ∈ IR^{m×(mp−m−p)}.

(42) Now, compute Z (defined by the equality in (32)) by choosing

Z_k = Ž_k ∈ IR^{m×(mp−m−p)} if λ_k ∈ IR, [ Z_h Z_l ] = [ˇ Z_h + iŽ_l Ž_h − iŽ_l ] ∈ lC^{m×(mp−m−p)} if λ_h = λ̄_l ∈ lC .

(43)

In this case, the columns of Z only span a subset of the right nullspace of Y . Because of the structure of Ẑ and Ž given by (41) and (42), the matrices Z_j comply to : { Z_j = 0 ∀j ∈ {m + 1, ..., m + r − p} Z_j ≠ 0 ∀j ∈ {m + r − p + 1, ..., m + r}.

(44)

Let δ ∈ IR^{mp−m−p} be a free parameter vector and define vectors z_j by

z_j = Z_jδ ∀j ∈ {m + 1, ..., n}. (45)

Thus, there are p non zero vectors z_j and (r − p) zero vectors z_j . Moreover, the vector g = Zδ ∈ lC^{mr} is such that Y g = 0 as in (30). Consequently, the product Y Z is of generic rank (p − 1) and so are the matrices Ỹ_i. Each vector x_i can therefore be computed and relation (15) gives a matrix K. Even if equality (23) is satisfied, only (m + p) eigenvalues are assigned. Indeed, since z_j = 0 for j = m + 1, ..., m + r − p, the corresponding (r − p) eigenvalues are not placed. For numerical reason, it is better to choose them real. Of course, it is necessary to choose {λ_j , j ∈ {m + r − p + 1, ..., m + r}} that is closed under conjugation.

Remarque 7 (mp − m − p − 1) dof are available on δ. Among the mp entries of K, (m + p) are used to assign the partial spectrum (the choice of non assigned λ_j does not provide additional flexibility since the corresponding z_j equal zero). It remains only 1 non exploited dof.

Condition (iv) in Problem 1 is now justified. It is actually related to the existence of Ž. From (42) and (41), it can be seen that Ž exists if and only if mp > m + p. If this condition does not hold, any other choice of columns of Ẑ to build Ž induces more than p non zero vectors z_j and the suitable rank deficiency of Y Z is not obtained. For such cases, a classical partial spectrum assignment can be achieved to place max(m, p) poles.

5 Numerical illustration

Since the case m + p = n < mp can actually be presented as a special case of partial pole placement, only one example with m + p = 3 + 2 = 5 = n is proposed. The matrices A and B are borrowed from [21] :

Rapport Interne No 20041208OB v. 1

A = −0.3400 0.0517 0.0010 −0.9970 0 0 0 1.0000 0 0 −2.6900 0 −1.1500 0.7380 0 5.9100 0 0.1380 −0.5060 0 −0.3400 0.0517 0.0010 0.0031 0

; B =

0.0755 0 0.0246 0 0 0 4.4800 5.2200 −0.7420 −5.0300 0.0998 0.9840 0.0755 0 0.0246 .

In [21] a state feedback control law was derived to assign the spectrum {−3 ± 2i; −2 ± 2i; −0.5}. For the same purpose, it is here assumed that only two state components are measured so that

C = [ 1 0 0 0 0 0 0 0 0 1 ] . The technique presented in Subsection 4.2 yields the following output feedback matrix (the only one since no dof can be exploited) :

K = −12.7499 −24.4928 569.7537 781.0785 −86.0455 −145.3437

which assigns the closed-loop spectrum at the right location.

6 Conclusions

In this paper, a pole placement technique was proposed for linear models of order n with m inputs and p outputs. It is based on the notion of eigenstructure assignment. Like the other techniques relying on that notion, it enables to assign the whole desired spectrum when m + p > n (Kimura’s condition). Besides, if m + p < mp, it allows to assign m + p poles. Therefore, the complete pole placement can be achieved when m + p = n < mp (Kimura’s non strict condition).

From a numerical point of view, the derivation of the feedback matrix requires the computation of the bases of several nullspaces. Nevertheless, no optimization process is needed (such as some Newtonbased process for example). Numerous random and practical examples led to very satisfying results up to n = 8. For higher values of n, some inaccurate computations may occur, especially because the entries of the feedback matrix can turn to be very large (in that case, the computation of the obtained eigenvalues is itself inaccurate).

As further investigations, it could be interesting to avoid the separation of the desired spectrum into two subsets. Indeed, because of this acceptable restriction, if n = 8, m = 5 and p = 3 for instance, it is impossible to assign 8 eigenvalues whose imaginary parts are all non zero. But most of all, the main challenge is to assign the whole of the spectrum even if m + p < n. However, Equation (23) makes this problem appear as a bilinear (thus probably difficult) one.

Références

[1] E. J. Davison. On pole assignment in linear systems with incomplete state feedback. IEEE Transactions on Automatic Control, 15 :348–351, June 1970.

[2] E. J. Davison. A note on pole assignment in linear systems with incomplete state feedback. IEEE Transactions on Automatic Control, 16 :98–99, 1971.

Rapport Interne No 20041208OB v. 1 [3] E. J. Davison and S. Wang. On pole assignment in linear multivariable systems using output feedback. IEEE Transactions on Automatic Control, 20 :516–518, 1975.

[4] R. Hermann and C. Martin. Applications of algebraic geometry to systems theory : Part 1. IEEE Transactions on Automatic Control, 22 :19–25, 1977.

[5] R. Brockett and C. Byrnes. Multivariable Nyquist criteria root loci, pole placement : a geometric approach. IEEE Transactions on Automatic Control, 26 :271–284, 1981.

[6] J. Willems and W. Hesselink. Generic properties of the pole placement problem. In Proceedings of 7th IFAC World Congress, pages 1725–1739, Helsinki-Finland, 1978.

[7] H. Kimura. Pole assignment by gain output feedback. IEEE Transactions on Automatic Control, pages 509–516, 1975.

[8] X. Wang. Grassmannian, central projection, and output feedback pole assignment of linear systems. IEEE Transactions on Automatic Control, 41(6) :786–794, June 1996.

[9] K. H. Kiritsis. A necessary condition for pole assignment by constant output feedback. Systems & Control Letters, 45 :317–320, 2002.

[10] J. Rosenthal, J. M. Schumacher, and J. C. Willems. Generic eigenvalue assignment by memoryless real output feedbak. Systems & Control Letters, 26 :253–260, 1995.

[11] J. Rosenthal and F. Sottile. Some remarks on real and complex output feedback. Systems & Control Letters, 33 :73–80, 1998.

[12] B. C. Moore. On the flexibility offered by state feedback in multivariable systems beyond closed loop eigenvalue assignment. IEEE Transactions on Automatic Control, 21 :689–692, 1976.

[13] G. Roppenecker and J. O’Reilly. Parametric ouptut feedback controller design. Automatica, 25(2) :259–265, 1989.

[14] C. Champetier and J. F. Magni. On eigenstructure assignment by gain output feedback. SIAM Journal of Control and Optimisation, 29(4) :848–865, 1991.

[15] V.L. Syrmos and F.L. Lewis. Output feedback eigenstructure assignment using two sylvester equations. IEEE Transactions on Automatic Control, 38(3) :495–499, March 1993.

[16] M. Hou and A. C. Pugh. An explicit solution to eigenstructure assignment. In European Control Conference ECC’97, Bruxelles, Belgium, July 1997.

[17] L. Carotenuto and G. Franzè. A general formula for eigenvalue assignment by static ouput feedback with applications to robust design. Systems & Control Letters, 49 :175–190, 2003.

[18] B.-H. Kwon and M.-J. Youn. Eigenvalue-generalized eigenvector assignment by output feedback.

IEEE Transactions on Automatic Control, 32 :417–421, May 1987.

[19] V. L. Syrmos and F. L. Lewis. A bilinear formulation for the ouput feedback problem in linear systems. IEEE Transactions on Automatic Control, 39(2) :410–414, February 1994.

[20] A. N. Andry, E. Y. Shapiro, and J. C. Chung. Eigenstructure assignment for linear systems.

IEEE Transactions on Aerospace and Electronic Systems, 19(5) :711–729, 1983. [21] C. R. Ashokkumar and R. K. Yedavalli. Eigenstructure perturbation analysis in disjointed domains for linear uncertain systems. International Journal of Control, 67(6) :887–899, 1997.