Internal Report No 20030901OB v. 4

Robust root-clustering of a matrix in intersections or unions of regions

Submited to SIAM Journal Control and Optimization

Olivier Bachelier^a, Olivier.Bachelier@univ-poitiers.fr Didier Henrion^{b,c}, henrion@laas.fr Bernard Pradin^b, pradin@laas.fr Driss Mehdi^a, Driss.Mehdi@univ-poitiers.fr

aLaii-Esip, Bâtiment de Mécanique, 40 avenue du recteur Pineau, 86022 Poitiers Cedex, France bLaas-Cnrs, 7, av. du Colonel Roche, 31077 Toulouse Cedex 4, France calso with the Institute of Information Theory and Autoamtion, Academy of Sciences of the Czech Republic, 18208, Prague 8, Czech Republic

Version 4

Index Terms

Robust stability analysis, Unstructured uncertainty, Matrix root-clustering, D-stability radius, Inertia of a matrix, LMI.

Abstract

The paper considers robust stability analysis for a matrix affected by unstructured complex uncertainty. A method is proposed to compute a bound on the amount of uncertainty ensuring robust root-clustering in a combination (intersection and/or union) of several possibly nonsymmetric half planes, discs, outsides of discs. In some cases to be detailed, this bound is not conservative. The conditions are expressed in terms of linear matrix inequalities (LMI) and derived through Lyapunov’s second method. As a distinctive feature of the approach, the Lyapunov matrices proving robust root-clustering (one per subregion) are not necessarily positive definite, but have prescribed inertias depending on the number of roots in the corresponding subregions. As a special case, when rootclustering in a single half plane, disc or outside of disc is concerned, the whole clustering region reduces to only one convex subregion and the corresponding unique Lyapunov matrix has to be positive definite as usual.

1 Introduction

Robust stability has been raising much interest in the last three decades. Indeed, in a linear state-space context, it matters to attest whether an uncertain state matrix has its eigenvalues in the Open Left Half Plane (OLHP) for continuous-time analysis or in the Open Unit Disc (OUD) for discrete-time

Internal Report No 20030901OB v. 4

analysis. More precisely, assuming nominal stability, it can be useful to estimate the maximal size of the uncertainty domain for which stability is preserved.

The way to estimate this size obviously depends on the structure of the uncertainty. The structured (parametric) case should be distinguished from the unstructured (non parametric) one as pointed out in one of the first contributions due to Patel and Toda [1]. The present contribution is restricted to an unstructured uncertainty, namely the so-called norm-bounded uncertainty [2]. In this context, the maximal acceptable size of uncertainty was clearly defined, in continuous-time, as the stability radius [3]. Such a stability radius was shown to equal the reciprocal of the H_∞-norm of a strictly proper transfer in [4] and, thus, also appears to be the reciprocal of the maximal structured singular value μ [5] along frequency. The discrete-time counterpart is described in [6]. In these references, the computation of the stability radius could be carried out with iterative resolutions of Riccati equations [7, 8]. Another technique consists in computing μ while sweeping frequencies. With the emergence of convex optimization over Linear Matrix Inequalities (LMI), the stability radius can be computed owing to the LMI version of the Bounded Real Lemma [9].

It also matters to make a difference between the complex stability radius and the real one. The former concerns a complex uncertainty and can be computed with LMI software as just mentioned. The latter takes the realness of the uncertainty into account (what is more discerning to analyze practical plants in automatic control) and is a bit more difficult to obtain, involving a one-dimensional sweeping over the second largest singular value of a parametrized matrix [10, 11]. The present contribution is restricted to the complex case.

When further performances are required, such as transient ones, it might be shrewd to consider a more sophisticated region for the state matrix root-clustering, different from the OLHP or the OUD. Based on the notions of Ω-regions and Generalized Lyapunov Equations (GLE) due to Gutman and Jury [12], Yedavalli has proposed significant robustness bounds [13] (later improved by other authors) but the results are still conservative. The reader is also invited to see [14]. Moreover, the considered regions are usually connected, which might not be suitable for plants with separate dynamics or with specified robust damping ratio. One of the first attempts to consider unions of regions is provided in [15]. The concept of D_U -stability (root-clustering in a some region D_U whose form encompasses many unions of possible disjoint and nonsymmetric subregions) enables more general results [16]. However, these results remain quite conservative.

This paper is an attempt to consider sophisticated clustering regions by extending the notion of complex stability radius to some combinations (unions and/or intersections) of half planes, discs, exteriors of discs. Besides, the conservatism of the previously proposed methods is reduced. In some typical cases to be further detailed, the exact value of the complex radius is reached.

The paper is organized as follows: section 2 states the problem, presenting the clustering regions and extending the concept of complex D-stability radius to the case where D is some combination of regions. Section 3 introduces the notion of ∂D-regularity of a nominal matrix, which is the nonmembership of the matrix eigenvalues to a geometric curve ∂D. Such a property can often be checked through the derivation of a Lyapunov matrix which is not necessarily positive definite but is just nonsingular with constant inertia. When D-stability is concerned, the Lyapunov matrix is required to be strictly positive or negative definite. In section 4, the considered matrix is affected by an additive norm-bounded uncertainty. Based upon the notion of ∂D-regularity, a method to reach the complex D-stability radius is proposed. In some cases to be detailed, the exact value is obtained. Numerical examples are provided in section 5 before conclusion.

Notations

M^′ denotes the transpose conjugate of matrix M. Hence, s^′ is the conjugate of complex number s. M^H is the Hermitian matrix M + M^′. The 2-norm of M induced by the Euclidean vector norm (maximal singular value) is denoted by ||M||_2. II_n is the identity matrix of order n and O is a null matrix of

Internal Report No 20030901OB v. 4

appropriate dimensions. Matrix inequalities are considered in the sense of Löwner i.e. > 0 (resp. < 0) means positive (resp. negative) definite. Symbol i denotes the imaginary unit and λ(A) denotes the spectrum of square matrix A. I and C are the imaginary axis and the unit circle respectively. At last, the vector In(M) = [n_+ n_− n_0] is the inertia of a square matrix M if n_+, n_−, n_0 are the numbers of eigenvalues of M with positive, negative and zero real part, respectively.

2 Problem statement

First, the form of the uncertain matrix to be analyzed is given. Then, the clustering region is introduced. At last, the problem to be solved is stated.

2.1 The uncertain matrix

The considered matrix reads:

A_c = A + BΔC ∈ C^{n×n}. (1)

In the above expression, Δ is constant, unknown and assumed to belong to B(ρ), the ball of all matrices Δ ∈ C^{q×r} satisfying ||Δ||_2 ≤ ρ. Matrices A ∈ C^{n×n}, B ∈ C^{n×q} and C ∈ C^{r×n} are perfectly known. Such a description is referred to as norm-bounded uncertainty [2].

Remark 1 In this work, all the matrices are assumed to be complex. However, in practice, when transient performances of a linear state-space model are to be analyzed, state matrix A_c is real. In that case, Δ is then real and B(ρ) must be restricted to real matrices. Actually, this restriction is more difficult to take into account and this case is not investigated in the paper although some interesting results exist [10, 11].

2.2 Clustering region D

Consider the following geometric curves:

∂D_k = { s ∈ C|f_k(s) = r_{k00} + (r_{k10} s)^H + r_{k11} s^′s = 0 } ∀k ∈ {1, ..., m}.

{r_{k00} , r_{k10} , r_{k11} } ∈ R × C × R (2) Relevant curves are lines or circles. Each curve ∂D_k enables to define an associated region:

D_k = {s ∈ C | f_k(s) < 0} ∀k ∈ {1, ..., m}. (3)

Clearly, D_k denotes either one side or the other side of the boundary ∂D_k. It can then be a half plane, a disc or the outside of a disc. It is an open region (i.e. not including ∂D_k) in order to encompass the concept of asymptotic stability for LTI systems. D_k can actually correspond to the scalar case of regions defined in [17] or to a special case of second order Ω-regions [12].

Also define the region D as a combination, i.e. any union and/or intersection of the various subregions D_k. Such a formulation of D clearly enables a very large choice of clustering regions.

2.3 Problem Statement

This contribution aims at computing the complex D-stability radius.

More precisely, assume that A is D-stable i.e that the whole of its spectrum lies in D. Define r_D as the largest value of ρ, the radius of B(ρ), such that A_c defined in (1) remains D-stable for any Δ ∈ B(ρ). Such a value is the so-called complex D-stability radius. A lower bound ρ^⋆ of r_D, as tight

Internal Report No 20030901OB v. 4

as possible, is to be computed. For this purpose, the concept of ∂D-regularity is introduced in the next section.

3 ∂D-regularity

In this section, only nominal matrices are considered. The concepts of matrix ∂D-regularity and matrix ∂D-singularity are introduced. A necessary and sufficient condition for matrix ∂D-regularity to be satisfied when ∂D is defined as in (2) is expressed in terms of LMI. After preliminary notions and assumptions in subsection 1, subsection 2 presents this condition through a first theorem. In subsection 3, the distribution of the matrix eigenvalues with respect to the boundary ∂D is connected to the inertia of the solution to the LMI, owing to a second theorem. Subsection 4 is devoted to a discussion about these theorems.

3.1 Preliminaries

Definition 1 Let ∂D be any curve in the complex plane, then matrix A ∈ C^{n×n} is called:

• ∂D-singular when λ(A) ∩ ∂D ≠ ∅;

• ∂D-regular when λ(A) ∩ ∂D = ∅.

Remark 2 Assume that ∂D is a boundary separating two open regions D and D̄^C (then C = D ∪ ∂D ∪ D̄^C ). Matrix A is D-stable if and only if it is ∂D-regular and the whole of its spectrum lies in D. Otherwise, it is D-unstable.

Now assume that ∂D here reduces to only one curve as defined in (2) i.e.:

∂D = {s ∈ C | f(s) = r_{00} + (r_{10}s)^H + r_{11}s^′s = 0}. (4)

In parallel with the work of Hill [18], we state two theorems in the next two parts. The result provided in [18] is based on Ostrowski and Schneider’s theorem [19] and on Frobenius’s theorem. Our contribution is more part of the framework relevant to Lyapunov’s second method [20] and its extensions to root-clustering [12].

3.2 LMI condition for ∂D-regularity

Theorem 2 Let A and ∂D be respectively a complex square matrix of dimension n and a curve of the complex plane as defined in (4). Matrix A is ∂D-regular if and only if there exists an Hermitian matrix P ∈ C^{n×n} such that:

F (A, P ) = r_{00}P + (r_{10}P A)^H + r_{11}A^′P A < 0. (5)

Proof. Some arguments are inspired from [21, 22].

Sufficiency: first assume that there exists a suitable P such that (5) holds. Also assume that A has n̄ ≤ n distinct eigenvalues. It suffices to prove the non membership of these n̄ eigenvalues to ∂D. Let λ_j denote the j-th eigenvalue of A. There exists a non zero vector v_j such that Av_j = λ_j v_j, so it comes:

v^′_j F (A, P )v_j < 0 ∀j ∈ {1, ..., n̄}

Internal Report No 20030901OB v. 4

⇔ r_{00}v^′_jP v_j + ( r_{10}v^′_j P Av_j )^H + r_{11}v^′_j A^′P Av_j < 0 ∀j ∈ {1, ..., n̄} ⇔ (r_{00} + (r_{10}λ_j)^H + r_{11}λ^′_jλ_j )(v^′_j P v_j ) < 0 ∀j ∈ {1, ..., n̄} which implies

f(λ_j ) = r_{00} + (r_{10}λ_j)^H + r_{11}λ^′_jλ_j ≠ 0 ∀j ∈ {1, ..., n̄} and hence λ_j /∈ ∂D ∀j ∈ {1, ..., n̄} ⇔ λ_i /∈ ∂D ∀i ∈ {1, ..., n}.

Matrix A is then ∂D-regular.

Necessity: now assume that A is ∂D-regular. Then:

f(λ_i) ≠ 0 ∀i ∈ {1, ..., n}. (6) It means that f(λ_i) is either strictly positive or strictly negative. Define matrix Λ as:

Λ = diag{λ_i}

i=1,...,n. = [ Λ_1 O O Λ_2 ]

where Λ_1 ∈ C^{n−} contains the various λ_i for which f(λ_i) > 0 and Λ_2 ∈ C^{n+} contains those for which f(λ_i) < 0. With I = [ −II_{n−} O O II_{n+} ] , (7)

it holds:

F (Λ, I) = r_{00} [ −II_{n−} O O II_{n+} ] + ( r_{10} [ −Λ_1 O O Λ_2 ] )_H + r_{11} [ −Λ^′_1Λ_1 O O Λ^′_2Λ_2 ] < 0. (8)

Let J be the Jordan canonical form of A. There exists a sequence of full rank matrices T_l such that [22]:

lim_{l→∞}(T_lJ T^{−1}_l ) = Λ (9)

(for example, if J is a single Jordan block [ λ 1 0 λ ] , T_l equals

[_1 l 0 0 1 ] ). Since F is continuous with respect to its first argument, from (8) it comes:

lim_{l→∞} F (T_lJ T^{−1}_l , I) < 0. (10)

Let T denote T_l for a sufficiently large l < ∞ (i.e. such that T^{−1} exists) so that

F (T J T^{−1}, I) < 0.

Applying congruence on the previous inequality leads to:

T^′F (T J T^{−1}, I)T = F (J , T^′IT ) < 0.

Now assume that V denotes a matrix such that J = V AV^{−1}. Left and right multiplying the previous inequality respectively by V^′ and V leads to (5) with:

P = V^′T^′IT V. (11) Note that if there exists a matrix V such that Λ = V AV^{−1} (or equivalently Λ = J ), then the above reasoning stands with T_l = II_n ∀l. This completes the proof. □

Internal Report No 20030901OB v. 4 3.3 Root-distribution and the inertia of P

Theorem 3 Let A and ∂D be respectively a complex square matrix of dimension n and a curve of the complex plane as defined in (4). Matrix A is ∂D-regular with n_+ eigenvalues in D and n_− eigenvalues outside D if and only if any Hermitian solution P to LMI (5) has inertia In(P ) = [n_+, n_−, 0].

Proof. Some possible expression of P is given by (11). Since inertia is invariant under congruence, In(P ) = In(I) = [n_+, n_−, 0] where I is defined in (7). The question is to know if it is possible that there exists some other solution to LMI (5) with a different inertia. If it is possible, by continuity of the convex set of solutions, there exists a singular X such that:

F (A, X) < 0.

Let J be a Jordan canonical form similar to A and V be the associated similarity matrix. By congruence, it comes:

F (J , Z) < 0,

where Z = (V^′)^{−1}XV^{−1} is also a singular matrix. Taking the sequence of full rank matrices T_l introduced in (9) into account enables to deduce:

F ( lim_{l→∞}(T^{−1}_l ΛT_l), Z) < 0,

which by continuity of F with respect to its first argument leads to

lim_{l→∞} F (T^{−1}_l ΛT_l, Z) < 0.

Once again, let T denote T_l for a sufficiently large value of l < ∞ so that

F (T^{−1}ΛT , Z) < 0.

Applying congruence on the previous inequality leads to

F (Λ, Y ) < 0, (12)

where Y = [ Y_1 Y_3 Y^′_3 Y_2 ] = (T^′)^{−1}ZT^{−1} is singular. At this stage a distinction is made between two cases:

• r_{11} = 0: in this case, D and D̄^C are half planes. By Schur factorization, there exists a unitary matrix U such that Y = U^′SU where S is a diagonal matrix whose diagonal entries are the eigenvalues of Y . With no loss of generality, Y being singular, the first diagonal entry is assumed to be zero. By congruence, one gets

F (UΛU^′, S) < 0.

The previous inequality never holds since the first diagonal entry of the left member is zero. Hence, in this case, Y or X can not be singular and the inertia of the solution is invariant.

• r_{11} ≠ 0: in this case, first note that ∂D can be defined another way:

∂D = {s ∈ C | f(s) = r̃_{00} + r_{11}(s^′ + r_{10} r_{11}

)(s + r^′_{10} r_{11}

) = 0} (13)

Internal Report No 20030901OB v. 4

with

r̃_{00} = r_{00} − r_{10}r^′_{10} r_{11} . Note that^{r̃00}_{r11} is strictly negative otherwise ∂D reduces to ∅. In terms of matrix inequality, it leads to rewriting (12) as follows:

F̃ (Λ̃, Y ) = r̃_{00}Y + r_{11}Λ̃^′Y Λ̃ < 0

where Λ̃ = Λ +^{r′10}_{r11} II_n is ∂D̃-regular, ∂D̃ being the circle centered around the new origin and of radius √ −r̃_{00}/r_{11}. Two diagonal blocks can be extracted from the previous inequality: {~ F (Λ̃_1, Y_1) < 0 F̃ (Λ̃_2, Y_2) < 0.

Clearly, Λ̃_1 = Λ_1 +^{r′10}_{r11} II_{n−} and Λ̃_2 = Λ_2 +^{r′10}_{r11} II_{n+} are such that Λ̃_2 is D̃-stable and Λ̃_1 has its whole spectrum outside D̃. It is clear, from the beginning of the proof, that there exists a Hermitian matrix Ỹ_1 < 0 such that F̃ (Λ̃_1, Ỹ_1) < 0. It will be now shown that any other solution Y_1 remains negative definite by continuity i.e. never becomes singular. First note that since Λ̃_1 has its spectrum outside of the disc D̃, it can be inverted and it comes :

r_{11}Y_1 + r̃_{00}(Λ̃^{−1}_1 )^′Y_1Λ̃^{−1}_1 < 0.

Assume that Y_1 is negative semi-definite. Achieve Schur factorization of Y_1 such that Y_1 = U^′_1S_1U_1. The diagonal entries of S_1 are negative except the first one that is zero. By congruence, it comes

S_1 + r̃_{00} r_{11}

U_1(Λ̃^{−1}_1 )^′U^′_1S_1U_1Λ̃^{−1}_1 U^′_1 < 0.

Since^{r̃00}_{r11} < 0, the first diagonal entry of the left handside member turns to be positive or zero thus inequality never holds. Y_1 is then necessarily strictly negative definite.

In the same way, there also exists some Hermitian matrix Ỹ_2 > 0 such that F̃ (Λ̃_2, Ỹ_2) < 0. Is it possible that, by continuity, some other solution Y_2 becomes singular i.e. positive semi-definite? Assume that such a Y_2 exists and by Schur factorization Y_2 = U^′_2S_2U_2 (S_2 is diagonal with the first diagonal entry zero and the other ones positive) and by congruence, it comes:

F̃ (U_2Λ̃_2U^′_2, S_2) < 0.

Since Λ̃_2 and S_2 are diagonal matrices and since the first diagonal entry of S_2 is zero, then the first diagonal entry of the left handside member is positive or zero which leads to a contradiction. Thus, Y_2 is necessarily strictly positive definite.

Now coming back to Y , using Schur complement, one gets:

In(Y ) = In ( [ Y_1 O O Y_2 − Y^′_3 Y^{−1}_1 Y_3 ] ) . Clearly since Y_2 > 0 and Y_1 < 0, none of the diagonal blocks of the above matrix can be singular. Hence, In(Y ) = In(X) = In(P ) and the proof is completed. □

As mentioned in subsection 3.1, our result is an alternative to results by Hill [18]. However, our result is summarized under the form of one single theorem valid both for any line and any circle. It does not require any preliminary mathematical lemma except Sylvester’s well known theorem (In(H) = In(MHM^′) for any nonsingular matrix M). Although, it is formulated as in Lyapunov’s framework, the proofs basically require simple algebraic manipulations which, the authors hope, will help extension to other curves. In that sense, it is closer to the result of [21]. Nevertheless, some differences are pointed out in the discussion provided in the next subsection.

Internal Report No 20030901OB v. 4

Corollary 4 Let A and ∂D be respectively a complex square matrix of dimension n and a curve of the complex plane as defined in (4). Also let D and D̄^C be the regions defined by f(s) < 0 and f(s) > 0 respectively. Matrix A is D-stable (respectively D̄^C -stable) if and only if there exists an Hermitian positive (respectively negative) definite matrix P ∈ C^{n×n} such that (5) holds.

Proof. It is direct from theorem 3 with considering inertia In(P ) = [n 0 0] (respectively In(P ) = [0 n 0]). □

As a special cases, D can be the OLHP or the OUD. In those cases, Lyapunov’s theorem [20] and Stein’s theorem [23] are respectively recovered.

Remark 3 Since any solution to (5) is necessarily nonsingular then there is no need to specify it as a constraint and (5) is a simple LMI in P easy to test with various existing LMI software. Note that the non strict LMI cannot be considered here because it would allow ∂D-singularity.

3.4 Discussion

With appropriate changes, the above proof could be adapted to any second order Ω-transformable region. In that sense, this could be seen as a special case of [21]. However, although [21, theorem 1] seems suitable to prove the first statement in theorem 2, we do not agree with the proof of [21, theorem 2] related to the inertia of P . Indeed after having proven that some solution P to an LMI exists and has expression [21, eq. (6)], it is claimed that for any choice of the negative definite right member of the associated equality, the solution to this equality keeps the same expression. We do not agree with that point. Perhaps the same doubt led Jury to achieve a special proof for the nonsingularity of the solution of a GLE [24, theorem 3.16]. The notion of Ω-transformability was required to prove this nonsingularity (see also [12, theorem 12]). It could at first sight directly be derived from [21, theorem 2] but we also think that this special proof was necessary.

Going on with Ω-transformability, it is interesting to see that although transformability seemed to be required to prove the nonsingularity of the solution to a GLE [12], we here show that, owing to the notion of ∂D-regularity (rather than just D-stability), D and D̄^C are considered altogether (the reader is here reminded of the fact that D-stability and D̄^C -stability are only special cases of ∂D-regularity as stated in corollary 4). As a consequence, the outside of a disc is a non Ω-transformable region for which it is impossible to find a singular solution to a corresponding GLE. Otherwise, it would be in contradiction with remark 3. In other words, any solution to a GLE attesting matrix root-clustering is necessarily nonsingular (existence and uniqueness of the solution to a GLE is another problem : see [12]). The outside of the disc is then a region for which Ω-transformability is not required to guarantee the nonsingularity of the solution to a corresponding GLE. It is what was illustrated by an example proposed in [25].

Apart from our doubt on the proof of [21, theorem 2], we would like to add that this contribution seems to have been overlooked. Actually, [21, theorem 1] is nothing but an LMI test for matrix rootclustering in an Ω-region. In 1971, such a test was not tractable from a computational point of view (at about the same time, Willems was just beginning to warn the control community about the great interest in handling LMI [26]). For this reason, it mattered to “convert” this LMI test into a GLE [12]. Now that LMI have become classical tools, although some significant contributions enabled to test matrix root-clustering via LMI conditions [22], many authors should remember the pioneer work of [21].

Furthermore, if solving an LMI is not an obstacle, results in [21] can be used to consider problem 85 formulated by Wang in the electronic book proposed by Blondel and Megretski [27]. In problem 85, the analysis of root-clustering in Ω-transformable regions of order greater than 2 is concerned and expressed in terms of GLE. Of course, it is an interesting challenge from a mathematical point of view. At first sight, as far as root-clustering analysis is concerned, the LMI approach, as used

Internal Report No 20030901OB v. 4

in this paper or in [21], could be exploited to solve the problem and the GLE approach could seem useless. However it is not really true because the problem is not purely theoretical. When problems involving very high dimensions are to be solved, the LMI approach generates heavy computations and can lead to numerical failure while some P actually exists. This is why the GLE approach preserves all its interest. To solve a GLE requires to choose a right handside member in order to get a simple linear system. Thus it matters to be sure that this member can be arbitrarily chosen and will always lead to a unique nonsingular solution P . Such a possible arbitrary choice is probably strongly related to Ω-transformability and that is exactly the point presented in problem 85. To sum up this part of the discussion, for low dimensional problems, the LMI approach might enable to free of the transformability assumption and of GLE but for high dimensional problems, those notions are still fundamental.

Chapter 17 of [28] describes the guardian map as an alternative tool for checking D-stability or ∂D-regularity. The guardian map is a mapping ν such that ν(A) ≠ 0 if A ∈ A and ν(A) = 0 if A /∈ A. For example the mapping ν(A) = det A guards the sets of non-singular matrices, and ν(A) = det H(p) guards the sets of Hurwitz stable matrices, where H(p) is the Hurwitz matrix of characteristic polynomial p(s) = det (sI − A). As shown in [28], checking properties like robust regularity or stability then amounts to computing eigenvalues of matrices related with guardian maps. Our approach can be viewed as an alternative to guardian map techniques, in the sense that the robustness certificate for regularity or stability is the existence of a Lyapunov matrix with given inertia solving a given LMI.

4 Complex D-stability radius

In this section, the uncertain case is studied. First, a necessary and sufficient condition for the uncertain A_c defined in (1) to be ∂D-regular when ∂D complies to (4) is given. This condition is then used to compute the D-stability radius when D is some combination of regions as defined in subsection 2.2.

Theorem 5 Let A_c and ∂D be respectively an uncertain matrix as defined in (1) and a geometric curve as defined in (4). Assume that nominal matrix A is ∂D-regular. Matrix A_c is robustly ∂Dregular against the ball B(ρ) if and only if there exists some Hermitian matrix P with inertia In(P ) = [n_+, n_−, 0] such that

Q(P, γ) = [ r_{00P} + (r_{10}P A)^H + r_{11}A^′P A + C^′C r_{10}P B + r_{11}A^′P B r^′_{10}B^′P + r_{11}B^′P A r_{11}B^′P B − γII_q ] < 0. (14)

with γ = ρ^{−2}. In this event, A_c keeps n_+ eigenvalues inside D and n_− outside D.

Proof. First assume that r_{11} = 0. Then ∂D is a line. By appropriate rotation and shifting, it can be transformed into the imaginary axis ∂D̂ = I. Apply the same mapping on matrices A and then the necessary and sufficient condition for the new matrix Â_c = Â + BΔC to be ∂D̂-regular can be deduced from lemma 7 recalled in appendix. Indeed, consider lemma 7. Condition (14) corresponds to (28) with A substituted by Â and M = [ C^′C O O −γII_q ] , (15)

which, is equivalent to (27). It comes

(C(iωII − Â)^{−1}B)^′(C(iωII − Â)^{−1}B) < γII_q ∀ω ∈ R (16)

Internal Report No 20030901OB v. 4

In the same way, if r_{11} ≠ 0 then ∂D is a circle. With appropriate scaling and shifting, ∂D can be transformed into the unit circle ∂D̂ = C. Apply the same mapping on matrix A in order to get the new matrix Â. Uncertain matrix Â_c = Â + BΔC has to be C-regular, what can be tested owing to lemma 8 given in appendix. Condition (14) is equivalent to (30) with A = Â and M given by (15), which is equivalent to (29). It comes

(C(e^{iω}II − Â)^{−1}B)^′(C(e^{iω}II − Â)^{−1}B) < γII_q ∀ω ∈ R. (17)

Both cases then lead to the equivalent condition:

⇔ ||C(sII_n − Â)^{−1}B||_2 < √ γ = ρ^{−1} ∀s ∈ ∂D̂.

Using classical arguments on singular values yields [ inf { ||Δ||_2|Δ ∈ C^{q×r} and det(II_q − ΔC(sII_n − Â)^{−1}B) = 0 }]_{−1} < ρ^{−1} ∀s ∈ ∂D̂,

which is the definition of the structured singular value. Using properties of det(.), the rewriting of the above expression leads to: [ inf { ||Δ||_2|Δ ∈ C^{q×r} and det(sII_n − (Â + BΔC)) = 0 }]_{−1} < ρ^{−1} ∀s ∈ ∂D̂ ⇔

η^{−1}(s) = [ inf { ||Δ||_2|Δ ∈ C^{q×r} and s ∈ λ(Â + BΔC) }]_{−1} < ρ^{−1} ∀s ∈ ∂D̂ (18)

⇔ η(s) > ρ ∀s ∈ ∂D̂.

The above inequality shows that any uncertain matrix Δ inducing the ∂D̂-singularity of matrix Â_c is such that ||Δ||_2 > ρ. As a consequence, Â_c is ∂D̂-regular over B(ρ). Because each eigenvalue of A is implicitly subject to the same mapping as A, the root-distribution of A with respect to ∂D is the same as the root-distribution of Â with respect to ∂D̂. From the block (1, 1), in (14), it can be seen that P guarantees the ∂D-regularity of A. In virtue of theorem 3, the root-distribution of A with respect to ∂D is given by the inertia of P . Since A_c never becomes ∂D-singular over B(ρ), the inertia of P gives the root-distribution of A_c over B(ρ). □

The value of ρ obtained when minimizing γ under LMI constraints (14) is the largest acceptable value of ρ. Thus, it is what can be called the complex ∂D-regularity radius. It will be denoted by ϱ_{∂D} in the sequel.

Now come back to region D defined as a combination of several regions D_k (see subsection 2.2). Referring to previous works on stability radii [3, 10], the complex D-stability radius can also be defined as follows:

r_D = inf{||Δ||_2 | Δ ∈ C^{q×r} : A + BΔC is D-unstable} (19)

The complex ∂D-regularity of a complex matrix A (not necessarily D-stable) is here defined by:

ϱ_{∂D} = inf{||Δ||_2 | Δ ∈ C^{q×r} : λ(A + BΔC) ∩ ∂D ≠ ∅} (20)

where ∂D is the boundary of D. The formulation of r_D implicitly assumes that A is D-stable. That is the basic difference with the formulation of ϱ_{∂D} for which no assumption of nominal D-stability is made. For this reason, it comes :

A is D-stable ⇒ ϱ_{∂D} = r_D. (21)

Also define the set ∂U by:

Internal Report No 20030901OB v. 4

∂U = m⋃ k=1 ∂D_k. (22)

It is clear that ∂D ⊂ ∂U. Hence, A_c has no eigenvalue on ∂D if it has no eigenvalue on ∂U so it comes:

ϱ_{∂U} = min

k∈{1,...,m}

ϱ_{∂Dk} ≤ ϱ_{∂D}. (23) Moreover, if ∂U = ∂D, the above inequality becomes an equality. Besides, if A is assumed to be D-stable and if ∂U ∩ D = ∅, it can be assessed that:

ϱ_{∂U} = r_D. (24) To make the previous reasoning clear, it is illustrated by figures 1 and 2 where region D is hatched.

D D

∂D_2

∂D_1

∂D_3

∂D_4

∂D_2

∂D_1

∂U = ∂D

∂U ≠ ∂D

Figure 1: ϱ_{∂D} = ϱ_{∂U} ?

D = D_1 ∪ D_2

∂D_1 ∂D_2

∂D_3

∂U ∩ D ≠ ∅ ∂U ∩ D = ∅

nominal roots

∂D_2

∂D_1

D ∂D_5 ∂D_4

Figure 2: ϱ_{∂U} = r_D ?

Figure 1 shows the two cases where ∂D is either different from ∂U (then ϱ_{∂D} ≠ ϱ_{∂U} ) or equal to ∂U (then ϱ_{∂D} = ϱ_{∂U} ). Figure 2 highlights the fact that if A is D-stable, and if ∂U ∩ D is empty, then ϱ_{∂U} equals r_D.

From the previous reasoning, the next theorem is deduced:

Theorem 6 Let A_c, D, ∂D be respectively an uncertain matrix as defined in (1), a clustering region as defined in subsection 2.2 and its boundary. Then A_c is robustly ∂D-regular against B(ρ) if there exist m Hermitian matrices P_k, k = 1, ..., m, such that:

Q_k(P_k, γ) < 0 ∀k ∈ {1, ..., m}, (25)

Internal Report No 20030901OB v. 4

where

Q_k(P_k, γ) = [ r_{k00} P_k + (r_{k10} P_kA)^H + r_{k11} A^′P A + C^′C r_{k10} P B + r_{k11} A^′P B r^′_{k10} B^′P + r_{k11} B^′P A r_{k11} B^′P B − γII_q ]

and γ = ρ^{−2}.

In this event, A_c keeps the same number of eigenvalues inside D for any Δ ∈ B(ρ). Moreover, if the boundary of D can be identified to the union of the boundaries of all subregions (i.e. ∂D = ∂U), then condition (25) is also necessary.

Proof. LMI system (25) is found feasible if and only if A_c is ∂D_k-regular for any k in {1, ..., m}, in virtue of theorem 5. Hence, it is equivalent to ∂U-regularity. Another consequence of theorem 5 is that A_c has the same root-distribution as A with respect to ∂D_k (and a fortiori with respect to ∂D). This proves the first and second statements in theorem 6. Besides, if ∂U = ∂D as in the right part of figure 1, then ∂U-regularity is equivalent to ∂D-regularity, what proves the third statement. □ In the light of this theorem, the following statements, which can be seen as corollaries, can be formulated:

• γ can be minimized under LMI constraints (25) down to γ^⋆ and then ρ^⋆ = (γ^⋆)^{−1/2} actually equals ϱ_{∂U} . It is the largest robust ∂D-regularity bound provided by this approach. If A is D-stable, then ρ^⋆ is a robust D-stability bound.

• If ∂U = ∂D, then ρ^⋆ equals ϱ_{∂D}, the complex ∂D-regularity radius.

• If A is D-stable and if ∂U ∩ D = ∅, then ρ^⋆ equals both ϱ_{∂D} and r_D, the complex D-stability radius.

5 Numerical illustration

In this section, we propose a simple illustration of the presented technique in order to highlight its relevance. Computations are performed on a PC Pentium 1.7MHz with Matlab LMI Control Toolbox.

5.1 First example

This model is borrowed from [29]. The lateral dynamic of an aircraft is modeled by state and input matrices:

A_0 =

−0.3400 0.0517 0.0010 −0.9970 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 −2.6900 0.0000 −1.1500 0.7380 0.0000 5.9100 0.0000 0.1380 −0.5060 0.0000 −0.3400 0.0517 0.0010 0.0031 0.0000 ;

B_0 =

0.0755 0.0000 0.0246 0.0000 0.0000 0.0000 4.4800 5.2200 −0.7420 −5.0300 0.0998 0.9848 0.0755 0.0000 0.0246 .

A static state feedback control law associated with matrix K = −3.9063 −0.2869 0.0006 −1.5109 −1.8135 0.8077 −2.4178 −0.9356 −0.2877 −0.0296 −21.5282 −1.2212 −0.0424 −10.1518 −11.1581

Internal Report No 20030901OB v. 4

is applied to the previous model so that:

λ(A = A_0 + B_0K) = {−0.5; −2 ± 2i; −3 ± 2i}. (26)

Matrix A is assumed to be subject to an additive uncertainty but no particular structure of this uncertainty is considered so B and C are both assumed to equal II_5 in (1) or, equivalently, A_c = A+Δ. To analyze the robustness of the pole location in the presence of the uncertainty, D is chosen as the union of 5 discs D_k, k = 1, ..., 5, centered around the nominal eigenvalues given by (26) and all of radius 0.5. In [15], a robust D-stability bound is computed: ρ^⋆ = 0.0729. This value is improved owing to our approach. Indeed, since D_2 and D_3 (respectively D_4 and D_5) are symmetric to each other with respect to the real axis, it is only required to compute three values, namely ϱ_{∂D1} , ϱ_{∂D2} = ϱ_{∂D3} , ϱ_{∂D4} = ϱ_{∂D5} . After 2.58s of computation time, it comes:

ρ^⋆ = min

k∈{1,2,4}

ϱ_{∂Dk} = min{0.3012; 0.1433; 0.1262} = 0.1262 = r_{∂D}.

The bound of [15] is then increased by 73%. If many spectra are plotted for various values of complex Δ as in the first example, figure 3 is obtained (to proceed, it suffices to generate many random complex matrices using standard Matlab functions such as rand and to scale its entries so that its 2-norm is a random value in the range [0; ρ^⋆]). It might seem that the bound is a bit conservative but this example is not trivial and since Δ is of dimension (5 × 5), it is hard to generate a random instance of Δ that corresponds to the worst case. However, the pole migration is not very far from ∂D, especially from ∂D_4 and ∂D_5, and since A is D-stable and since the five open subregions are disjoint (which implies that ∂U ∩ D = ∅), ρ^⋆ actually equals r_D. Hence, in this case, the exact value of the complex D-stability radius is obtained, without conservatism.

To compute ρ^⋆ leads to derive five Lyapunov matrices P_k, i = 1, ..., 5. Each matrix P_k is such that In(P_k) = [1, 4, 0] since, for any Δ ∈ B(ρ^⋆), A_c has one root inside D_k and four roots outside D_k.

Figure 3: Pole migration of closed-loop aircraft model with norm-bounded complex uncertainty

5.2 Second example

This example is simpler but involves a clustering region that is of interest for the analysis of some plant models. It is inspired from [30] and is relevant to the short-period approximation of the F-16 dynamics (see [30] for further details). The open-loop model is

A_0 = [ −1.0188 0.0905

4.0639 −0.7701 ] ; B_0 = [ −0.0021 −0.1692 ] . A static state feedback control law associated with a matrix K is applied such that the spectrum of the closed-loop state matrix

Internal Report No 20030901OB v. 4

A = A_0 + B_0K = [ −1.1319 0.8790 −4.9643 −2.8683 ]

is σ(A) = {−2 ± 1.9i}. We aim at analyzing the non fragility induced by K. More precisely, assuming that K can be affected by an additive uncertainty Δ, then the uncertain closed-loop state matrix A_c is given by expression (1) with B = B_0 and C = II_2. The transient performances are supposed to be preserved when the spectrum of A_c remains in the clustering region D defined by the intersection of the OLHP, the ring centered around the origin and of interior and exterior radii 2.47 and 3.05 and the symmetric horizontal strip with a half width equaling 2.15. Such a region is the so-called Good Ride Quality Region of an aircraft [30]. The present approach can be used to compute the D-stability radius in 1.52s:

ρ^⋆ = ϱ_{∂D} = r_D = 2.39.

Plotting the spectrum of A_c for many random instances of Δ highlights the relevance of our approach to compute this non fragility criterion (see figure 4).

Figure 4: Pole migration of closed-loop aircraft model with norm-bounded complex uncertainty

6 Conclusion

In this paper, the concept of matrix ∂D-regularity, i.e. absence of eigenvalues along a curve ∂D of the complex plane, was used to compute, through a Lyapunov approach, a robust D-stability bound ,i.e. a bound on an uncertainty affecting a matrix ensuring that the eigenvalues of the uncertain matrix remain inside a subregion D of the complex plane.

An original point in the paper is the wide class of allowed clustering regions since D can be a combination (i.e. the union and/or intersection) of several possibly non symmetric half planes, discs and outsides of discs. Such an originality in the choice of the region is made possible by using Lyapunov matrices which are not necessarily positive definite, but preserve their inertia over the uncertainty domain. When root-clustering in a single disc, a half-plane or the outside of a disc is to be analyzed, the Lyapunov matrix has to be strictly positive or negative definite. The computed bound proves to be not very conservative. When the boundaries of various subregions do not intersect D, this bound turns to be the exact complex D-stability radius, that is the largest bound on a complex uncertainty preserving D-stability, thus enabling efficient robust matrix root-location analysis. The bound is deduced from the solution of a very simple LMI problem.

As an extension of our work, a parametric structured uncertainty could therefore be very easily taken into account, especially through a polytopic description. Another challenge is the use of such

Internal Report No 20030901OB v. 4

an approach in a design context. More precisely the question is to know if the inertia of various Lyapunov matrices P_k can be discerningly exploited to distribute the poles in various subregions while determining a control law.

Acknowledgments

The authors thank an anonymous reviewer for the quality of his comments.

References

[1] R. V. Patel and M. Toda, “Quantitative measures of robustness for multivariable systems,” in Joint Automatic Control Conference, TP-8A, San Francisco, CA, 1980.

[2] I. R. Petersen, “A stabilization algorithm for a class of uncertain linear systems,” Systems & Control Letters, vol. 8, pp. 351–357, 1987.

[3] D. Hinrichsen and A. J. Pritchard, “Stability radii of linear systems,” Systems & Control Letters, vol. 7, no. 1, pp. 1–10, February 1986.

[4] P. Khargonekar, I. R. Petersen, and K. Zhou, “Robust stabilization of uncertain linear systems :

Quadratic stabilizability and H_∞ control theory,” IEEE Transactions on Automatic Control, vol. 35, pp. 356–361, 1990.

[5] J. C. Doyle, “Analysis of feedback systems with structured uncertainties,” IEE, Proc., Pt. D, vol.

129, no. 6, pp. 242–250, November 1982.

[6] A. Packard and J. Doyle, “Quadratic stability with real and complex perturbations,” IEEE Transactions on Automatic Control, vol. 35, no. 2, pp. 198–201, February 1990.

[7] S. Boyd and V. Balakrishnan, “A regularity result for the singular values of a transfer matrix and a quadratically convergent algorithm for computing its L_∞-norm,” Systems & Control Letters, vol. 15, pp. 1–17, 1990.

[8] N. A. Bruinsma and M. Steinbuch, “A fast algorithm to compute the H_∞-norm of a transfer function matrix,” Systems & Control Letters, vol. 14, pp. 287–293, 1990.

[9] P. Apkarian and P. Gahinet, “A Linear Matrix Inequality approach to H_∞ control,” International Journal of Robust and Nonlinear Control, vol. 4, pp. 421–448, 1994.

[10] L. Qiu, B. Bernhardsson, A. Rantzer, E. J. Davison, P. M. Young, and J. Doyle, “A formula for computation of the real stability radius,” Automatica, vol. 31, no. 6, pp. 879–890, 1995.

[11] D. Hinrichsen and B. Kelb, “Stability radii and spectral value sets for real matrix perturbations,” Systems and Networks: Mathematical Theory and applications, Vol II, Invited and contributed papers, Akademie-Verlag, Berlin, pp. 217–220, 1994.

[12] S. Gutman and E. I. Jury, “A general theory for matrix root-clustering in subregions of the complex plane,” IEEE Transactions on Automatic Control, vol. 26, no. 4, pp. 853–863, August 1981.

[13] R. K. Yedavalli, “Robust root clustering for linear uncertain systems using generalized Lyapunov theory,” Automatica, vol. 29, no. 1, pp. 237–240, January 1993.

Internal Report No 20030901OB v. 4

[14] S.-G. Wang and L. S. Shieh, “A General Theory for Analysis and Design of robust Pole Clustering in Subregions of the Complex Plane,” in American Control Conference, Baltimore, USA, June19- July 1 1994, pp. 627–631.

[15] C. R. Ashokkumar and R. K. Yedavalli, “Eigenstructure perturbation analysis in disjointed domains for linear uncertain systems,” International Journal of Control, vol. 67, no. 6, pp. 887–899, 1997.

[16] O. Bachelier and D. Mehdi, “Robust D_U -stability analysis,” International Journal of Robust and Nonlinear Control, vol. 13, no. 6, pp. 533–558, May 2003.

[17] D. Peaucelle, D. Arzelier, O. Bachelier, and J. Bernussou, “A new robust D-stability condition for real convex polytopic uncertainty,” Systems & Control Letters, vol. 40, no. 1, pp. 21–30, May 2000.

[18] R. D. Hill, “Eigenvalue location using certain matrix functions and geometric curves,” Linear algebra and its applications, vol. 16, pp. 83–91, 1977.

[19] A. Ostrowski and H. Schneider, “Some theorems on the inertia of general matrices,” Journal of Mathematical analysis and applications, vol. 4, pp. 72–84, 1962.

[20] A. Lyapunov, Problème général de la stabilité du mouvement. Annales de la Faculté de Sciences de Toulouse, 1907, Traduit en Franais du texte original en Russe, Kharkov, 1892.

[21] J. L. Howland, “Matrix equations and the separation of matrix eigenvalues,” Journal of Mathematical Analysis and Applications, vol. 33, pp. 683–691, 1971.

[22] M. Chilali and P. Gahinet, “H_∞ Design with Pole Placement Constraints : An LMI Approach,” IEEE Transactions on Automatic Control, vol. 41, no. 3, pp. 358–367, March 1996.

[23] P. Stein, “Some general theorems on iterants,” Journal of Research of the National Bureau of Standards, vol. 48, pp. 82–83, 1952.

[24] E. I. Jury, Inners and stability of dynamic systems. Wiley-New York, 1974.

[25] S.-G. Wang, “Comments on ’Perturbation bounds for root-clustering of linear systems in a specified second order subregion’,” IEEE Transactions on Automatic Control, vol. 41, pp. 766–767, 1996.

[26] J. C. Willems, “Least squares stationary optimal control and the algebraic Riccati equation,” IEEE Transactions on Automatic Control, vol. 16, no. 6, pp. 621–634, 1971.

[27] V. D. Blondel and A. Megretski, Open Problems on Mathematical Theory of Systems. Electronic book available on the Web: www.nd.edu/∼mtns/OPMTNS.pdf, 2002.

[28] B. R. Barmish, New Tools for Robustness of Linear Systems. Macmillan Publishing Comp. New York, 1994.

[29] K. M. Sobel and F. J. Lallman, “Eigenstructure assignment for the control of highly augmented aircraft,” Journal of Guidance, Control and Dynamics, vol. 12, p. 318, 1989.

[30] S. Wang, “Robust pole clustering in a good ride quality region of aircraft for matrices with structured uncertainties,” Automatica, vol. 39, no. 3, pp. 525–532, March 2003.

[31] A. Rantzer, “On the Kalman-Yakubovich-Popov lemma,” Systems & Control Letters, vol. 28, pp.

7–10, 1996.

Internal Report No 20030901OB v. 4

Appendix

Two lemmas are here provided to the reader. They are exploited in the proof of theorem 5.

Lemma 7 [31]. Given A ∈ C^{n×n}, B ∈ C^{n×m} and M = M^′ ∈ C^{(n+m)×(n+m)}, with det(iωII − A) ≠ 0, ∀ω ∈ R (i.e. A is I-regular), then the following two statements are equivalent:

(i) [ (iωII − A)^{−1}B II ]_′ M [ (iωII − A)^{−1}B II ] < 0 ω ∈ R (27)

(ii) There exists a matrix P = P^′ ∈ C^{n×n} such that

M + [ A^′P + P A P B B^′P O ] < 0. (28)

The above lemma is known as the Kalman-Yakubovich-Popov lemma [26]. It is here expressed with complex matrices.

Lemma 8 [31]. Given A ∈ C^{n×n}, B ∈ C^{n×m} and M = M^′ ∈ C^{(n+m)×(n+m)}, with det(e^{iω}II − A) ≠ 0, ∀ω ∈ R (i.e. A is C-regular), then the following two statements are equivalent:

(i) [ (e^{iω}II − A)^{−1}B II ]_′ M [ (e^{iω}II − A)^{−1}B II ] < 0 ω ∈ R ∪ ∞. (29)

(ii) There exists a matrix P = P^′ ∈ C^{n×n} such that

M + [ A^′P A − P P B B^′P B^′P B ] < 0. (30)

The above lemma is the discrete-time counterpart of the Kalman-Yakubovich-Popov lemma.