Internal Report No 20011015OB v. 2

“Bi-polytopic” Lyapunov functions for robust stability and fragility analysis of discrete-time models

Submited to Conference on Decision and Control CDC’02

Jérôme Bosche^a, jerome.bosche@u-picardie.fr Olivier Bachelier^b, Olivier.Bachelier@univ-poitiers.fr

aCrea, Iut, Département Informatique, Avenue des facultés 80 000 Amiens, France bLaii-Esip, Bâtiment de Mécanique, 40 avenue du recteur Pineau, 86022 Poitiers Cedex, France

Version 2

Index Terms

Robust stability analysis, Fragility, Static output feedback, LMI, Parameter-dependent Lyapunov functions.

Abstract

This paper addresses the problem of analysing both robust stability and non fragility induced by a static output feedback control law. The considered models are discrete-time linear state-space representations that are subject to polytopic uncertainties. The only restriction is that the uncertainty affecting the observation matrix is independent on the uncertainty affecting evolution and control matrices. Stability is attested by the existence of a Lyapunov function that is quadratic with respect to the state vector and depends on the uncertain parameters in a “bipolytopic way”. Fragility is also handled in this paper. This works is part of LMI framework.

1 Introduction

Analysis of uncertain discrete-time linear state-space systems is a major topic in automatic control. The uncertainties can be due to approximations while linearizing the model, to neglected dynamics, or to parameter variation. This last case has been particularly studied in the recent years, especially through the concept of polytopic uncertainty. Only sufficient conditions were proposed in the literature. Indeed, proving stability over a polytope is known to be a N P -hard problem and looking for fewest pessimistic conditions is still a challenge.

One of the most popular concepts is the one of quadratic stability [2] that consists in searching for a single quadratic Lyapunov function available for the whole uncertainty domain. It led to significant but conservative results [16, 3, 9, 10].

More recently, many authors proposed results related to parameter-dependent Lyapunov functions [7, 12, 6]. These functions can depend on parameters in a polytopic way, as in the present work. It is assumed that the open-loop model is polytopic or, in other words, a convex combination of extreme models. While applying a static output feedback control law, the convexity might not be

Internal Report No 20011015OB v. 2

preserved if the uncertainty affects both the input and output matrices. Assuming that both input and ouptut uncertainties are independent on each other, the concept of “bi-polytopic stability” will be used to assess robust stability in spite of the non convexity of the closed-loop model. Besides, another additive uncertainty will be considered. It is a parameter-dependent norm-bounded uncertainty that can be introduced to take neglected dynamics into account. Actually, it is mostly introduced to consider a possible unstructured uncertainty on the feedback matrix. Thus, fragility can be analysed. All the proposed conditions are expressed in terms of Linear Matrix Inequalities (LMI). The paper is organized as follows: the second section is dedicated to the robust stability analysis. The third section considers both robustness and fragility together. In the fourth section, an illustrative example is presented before concluding in the fifth one.

Notations : we denote by M^′ , the transpose of matrix M, by ||M||_2 its 2-norm induced by the Euclidean vector-norm, i.e. the maximal singular value of M. I_n is the identity matrix of order n, 0_{u,v} is a null matrix of dimension u × v. Matrix inequalities are considered in the sense of Löewner i.e. “< 0” means negative definite and ”> 0” stands for positive definite.

2 Robust stability analysis

In this section, some significant result relevant to robust stability is recalled [15]. A limit of this results is highlighted. We propose a new condition to overcome this limit in some practical cases.

2.1 Background

Assume that it is aimed to check the stability of the open-loop discrete-time model given by: { x_{k+1} = Ax_k + Bu_k y_k = Cx_k (1) where x(t) (or x_k) is a IR^n state vector, u(t) (or u_k) is a IR^m input vector and y(t) (or y_k) is a IR^p output vector. M = [ A B ] is somewhere in the polytope of matrices M defined by: M = { M ∈ IR^{n×(n+m)} | M = M(α) =

N_M∑

i=1 (α_iM_i) =

N_M∑

i=1 (α_i[ A_i B_i ]) } (2) with α being the vector of barycentric coordinates belonging to set Ξ(N_M ) defined by:

Ξ(N_M ) = α = α_1 . . α_{NM}

∈ (IR^+)^{NM} |

N_M∑

i=1 α_i = 1 (3) In other words, M is some convex combination of N_M known vertices M_i with unknown coordinates α_i.

In the same way, C belongs to a polytope C defined by: C = { C ∈ IR^{p×n}|C = C(β) =

N_C∑

j=1 (β_j C_j ), β ∈ Ξ(N_C ) } (4) It is assumed that both formulations are independent. It is first aimed to analyse robust stability of (1).

Internal Report No 20011015OB v. 2

Theorem 1 (Particular case of a result of [15]) Let a polytopic uncertain discrete-time model be defined by (1). It is robustly stable if there exist N_M matrices P_i = P^′_i > 0, i = 1, ..., N_M and a couple of matrices {F ; G} ∈ {IR^{n×n}}^2 such that, ∀i ∈ {1, ..., N_M }: [ −P_i + A^′_iF^′ + F A_i A^′_iG^′ − F GA_i − F^′ P_i − G − G^′ ] < 0 (5)

Owing to the previous results, stability is attested by the existence of a Lyapunov function of the form:

V (x, α) = x^′P x with P =

N_M∑

i=1 (α_iP_i) (6)

This convex matrix P enables to take uncertainty into account and it can be proved following arguments of [12] or [1] that quadratic stability is necessary for condition (5) to be satisfied.

Assume now an output feedback control law is applied:

u_k = Ky_k ∀k (7)

with K ∈ IR^{m×p}. The closed-loop state matrix is then:

A_{cl} = A + BKC (8)

Theorem 1 can not be used anymore because A_{cl} also depends on β. Morevover, even if the output uncertainty is included in the same polytopic formulation, the reasonning of the proof can not de developed since linearity with respect to the uncertain parameters is not preserved. The only cases that can be considered are the cases where either B or C is not affected by any uncertainty.

2.2 “Bi-polytopic stability”

In this part, a result is proposed for N_M ≠ 1 & N_C ≠ 1.

Theorem 2 Closed-loop model defined by (1) with (7) is robustly stable if there exist N_M symmetric matrices P_i ∈ IR^{n×n}, i = 1, ..., N_M , N_C symmetric matrices P_j ∈ IR^{n×n}, j = 1, ..., N_C , as well as a couple of matrices {F ; G} ∈ {IR^{n×n}}^2 such that:

H^{{d}}_{i,j} = 2 6 6 6 4 −P_i − P_j + (A_i + B_iKC_j )^′F^′+

F (A_i + B_iKC_j )

(A_i + B_iKC_j )^′G^′ − F

G(A_i + B_iKC_j ) − F^′ P_i + P_j − G − G^′

3 7 7 7 5 < 0

∀{i; j} ∈ {{1, ..., N_M } × {1, ..., N_C }} (9)

and:

P̃_{i,j} = P_i + P_j > 0 ∀{i; j} ∈ {{1, ..., N_M } × {1, ..., N_C }} (10)

Internal Report No 20011015OB v. 2

Proof: from (9) and (10), it comes, ∀j ∈ {1, ..., N_C }: 8 > > > > > > > > < > > > > > > > >:

H_j {d} = NMX i=1 (α_iH^{{d}}_{i,j} ) = 2 6 6 6 4 −P − P_j + (A + BKC_j )^′F^′+

F (A + BKC_j )

(A + BKC_j )^′G^′ − F

G(A + BKC_j ) − F^′ P + P_j − G − G^′

3 7 7 7 5 < 0

∀j ∈ {1, ..., N_C }

P̃_j = NMX i=1 (α_iP̃_{i,j} ) = P + P_j > 0

(11)

where P = P (α) =

N_M∑

i=1 (α_iP_i). In the same way, for any instance of β ∈ Ξ(N_C ), it comes:

H^{{d}} =

N_C∑

j=1 (β_j H^{{d}}_j ) = [ −P − P (A_{cl})^′F^′ + F (A_{cl}) (A_{cl})^′G^′ − F G(A_{cl}) − F^′ P + P − G − G^′ ] < 0 P = N_C∑

j=1 (β_jP̃_j ) = P + P > 0

(12)

where P = P (β) =

N_C∑

j=1 (β_j P_j ).

Now premultliply the first inequality of (12) by [ I_n A^′_{cl} ] and postmultiply it by [ I_n A_{cl} ] . It yields:

−P + A^′_{cl}P A_{cl} < 0 (13)

As P = P^′ > 0 (from (12)), V (x, α, β) = x^′P x is a Lyapunov function for the closed-loop model that is then stable. �

Remark 3 Lyapunov matrix P is the sum of two convex combinations:

P = P (α, β) =

N_M∑

i=1 (α_iP_i) +

N_C∑

j=1 (β_j P_j ) (14)

Each term in this sum belongs to a polytope of matrices, one generated by uncertainty on A and B and the other one generated by uncertainty on C. That is why such a stability can be referred to as “bi-polytopic stability”. However, it is just a reference to the technique used to derive the Lyapunov function since actually, it is very easy to see with (13) and (14) that P/2 is also a Lyapunov function

for the closed-loop model and as 1 2 ( N_M∑

i=1 α_i +

N_C∑

j=1 β_j ) = 1, P/2 is a convex combination of various P_i

and P_j .

Remark 4 Following the same principle, A and C could depend on α and B on β.

“Bi-polytopic” Lyapunov functions for discrete-time models Page 4

Internal Report No 20011015OB v. 2

3 Robustness and fragility analysis

In this section, an additive uncertainty is introduced in the model. It is also parameter-dependent. A

new LMI analytical condition is proposed to take it into account. It is then applied to exhibit a non

fragility criterion.

3.1 The additive uncertainty

The state matrix of the closed-loop system is now given by:

A_{cl} = A + BKC + JEL (15)

M = [ A B ] and C are defined as in section 2. J ∈ IR^{n×q} is a parameter-dependent matrix that

can be written as follows:

J = N_M∑

i=1 (α_iJ_i) +

N_C∑

j=1 (β_j J_j ) (16)

where the various α_i and β_j are the coordinates appearing in the expressions of M and C. L ∈ IR^{r×n}

is defined in the same way:

L = N_M∑

i=1 (α_iL_i) +

N_C∑

j=1 (β_j L_j ) (17)

with the same coordinates.

Matrices J_i, J_j, L_i and L_j , i = 1, ..., N_M , j = 1, ..., N_C are precisely known. Matrix E ∈ IR^{q×r} is

an unknwon matrix such that ||E||_2 < ρ. Such a formulation is a generalisation of the well known

norm-bounded uncertainty. It is aimed to test robust closed-loop stability against both polytopic and

additive uncertainties while maximizing ρ.

3.2 Robust stability analysis

We state the next theorem:

Theorem 5 Let a closed-loop system have a state matrix given by (15). It is robustly stable (in the

sense of Schur) if:

||E||_2 ≤ ρ = (γ^⋆)^{− 12} (18)

where γ^⋆ is solution to:

min γ

{γ,P_1,...,P_{NM} ,P_1,...,P_{NC} ,F,G} (19)

and where γ ∈ IR, P_i = P^′_i ∈ IR^{n×n}, i = 1, ..., N_M , P_j = P^′_j ∈ IR^{n×n}, j = 1, ..., N_C , F ∈ IR^{n×n}

and G ∈ IR^{n×n} check, for any {i; j} in {1, ..., N_M } × {1, ..., N_C }, the following LMI system: 8 > > > > > > > > < > > > > > > > > :

H̃{d}

i,j = 2 6 6 6 6 6 6 6 6 4

−P i − P j +

A′ij F ′+

F Aij

A′ij G′ − F F (J i + J j ) L′i + L ′ j GAij − F ′ P i + P j − G − G′ G(J i + J j ) 0n,r

(J′i + J ′ j )F ′ (J ′i + J ′ j )G′ −Iq 0q,r

Li + Lj 0r,n 0r,q −γIr

3 7 7 7 7 7 7 7 7 5 < 0

P̃i,j = P i + P j > 0

(20)

“Bi-polytopic” Lyapunov functions for discrete-time models Page 5

Internal Report No 20011015OB v. 2

where A_{ij} = A_i + B_iKC_j .

Proof: consider, ∀{α; β} ∈ Ξ(N_M ) × Ξ(N_C ), the next combinations involving barycentric coordinates (refering to the proof of theorem 2): 8 > > > > > > > < > > > > > > >:

H̃{d} = NCX j=1 (β_j ( NMX i=1 (α_iH̃^{{d}}_{i,j} ))) = 2 6 6 4 −P + (A_{cl})^′F^′ + F (A_{cl}) (A_{cl})^′G^′ − F F J L^′ G(A_{cl}) − F^′ P − G − G^′ GJ 0_{n,r} J^′F^′ J^′G^′ −I_q 0_{q,r} L 0_{r,n} 0_{r,q} −γI_r

3 7 7 5 < 0

P = NCX j=1 (β_j ( NMX i=1 (α_iP̃_{i,j} ))) = NMX i=1 (α_iP_i) + NCX j=1 (β_j P_j ) = P^′ > 0

(21)

Premultiplying and postmultiplying H̃^{{d}} respectivley by [ I_n A^′_{cl} L^′E^′ 0_{n,r} 0_{r,n} 0_{r,n} 0_{r,q} I_r ] and I_n 0_{n,r} A_{cl} 0_{n,r} EL 0_{q,r} 0_{r,n} I_r

does not change the sense of the previous inequality and leads to: [ −P + A^′_{cl}P A_{cl} − L^′E^′EL L^′ L −γI_r ] < 0 (22)

which, by virtue of Schur’s lemma, is equivalent to:

−P + A^′_{cl}P A_{cl} − L^′E^′El + γ^{−1}L^′E^′EL < 0 (23)

This inequality holds for γ = γ^⋆ and if (18) is satisfied, then:

−P + A^′_{cl}P A_{cl} < 0 (24)

so P is a Lyapunov matrix (of form (14)) ensuring the “bi-polytopic stability” of the closed-loop model. As γ is minimized then ρ is maximized. �

Such a problem is easily solved owing to the various LMI softwares.

3.3 Application to fragility analysis

Assume that an open-loop system is described by (1) and that the control law (7) is implemented. Assume that because of practical approximations while implementing this law, K is uncertain and is actually of the form K + E where E is unknown. In that case, the closed loop state matrix is:

A_{cl} = A + BKC + BEC (25)

what reads formulation (15) with:

q = m r = p J_i = B_i and L_i = 0_{p,n} ∀i ∈ {1, ..., N_M } J_j = 0_{n,m} and L_j = C_j ∀j ∈ {1, ..., N_C }

(26)

Hence, theorem 5 can be applied and as ρ is an upper bound for acceptable ||E||_2, it becomes a non fragility criterion. Both robustness and fragility induced by the control law are analysed together.

“Bi-polytopic” Lyapunov functions for discrete-time models Page 6

Internal Report No 20011015OB v. 2

4 Illustration

We here illustrate the relevance of our technique on a very simple example which is built from a model borrowed from [9] and modified for our prurpose. The computation was performed with Matlab on a PC Pentium 266MHz.

A nominal discrete-time open-loop model is given by:

A_0 = 2 4 −0.50 1.00 1.00 1.25 −0.25 −1.00 −2.25 −0.25 0.50 3 5 ; B_0 = 2 4 1 −1 0 3 5

C_0 = ^ 1.0000 −0.9724 −0.9592 ~ (27)

Matrix A_0 is affected by an additive uncertainty and the state matrix is actually A = A_0 + H_1ηH_2 where −1 ≤ η ∈ IR ≤ is an unknown parameter and where H_1 and H_2 are given by:

H_1 =

0.3333 0.1667 0.1667

; H_2 = [ 0.1944 0.0833 0.1389 ] (28)

B_0 is also affected by en uncertainty so that B = B_0 + η_1[0.1 0 0]^′. Hence, when η describes its range, M = [A B] reads polytopic formulation prposed in (2).

The ouput matrix is in fact C = C_0 + μ[00.10] with −1 ≤ μ ≤ 1 so that when μ describes its range, C descibes a polutope as defined in (4).

An output feedback gain K = 1.0421 is computed so that the closed-loop model is stable. Our aim is to analyse robust stability of the closed-loop system. We are also interested in appreciating the fragility of this gain with respect to stability. According to §3.3, we fix { J_i = B_i ; L_i = 0_{3,1} , i = 1, 2 J_i = 0_{1,3} ; L_j = C_j , j = 1, 2

(29)

Matrices B_i and C_j are vertices of the polytopes deduced from the extreme values of η and μ. Using theorem 5, we prove robsut stability and find, in 5.97 s, an upper bound on the deflection of K: ΔK ≤ ρ = 0.0041 (30)

It is not conservative since plotting the poles of uncertain closed-loop models, with ΔK ≤ ρ with taking both plant and feedback uncertainties into account, a pole is located on the unit circle (see figure 1).

This little example shows the efficiency of our technique to analyse both robust stability and non fragility. It particularly highlights the weak conservatism and the little computation time.

5 Conclusion

In this paper, the problem of analysing robust stability of a closed-loop linear discrete-time invariant state-space model was tackled. Provided that the open-loop model is affected by polytopic uncertainties, that uncertainty affecting the ouput matrix is independent on uncertainty affecting input and state matrices, and that a static output feedbak control law is applied to this model, then a sufficient condition for the closed-loop model to be robustly stable with respect to plant and controller uncertainties was proposed. A non fragility criterion was exhibited. The proposed technique is based on

Internal Report No 20011015OB v. 2

Figure 1: pole migration for ΔK ≤ ρ

“bi-polytopic stability” and parameter-dependent norm-bounded uncertainties. It relies on the determination of a parameter-dependent Lyapunov function. It is very tractable from a computational point of view since the condition is formulated as a convex problem that can be solved with classical LMI tools. A further investigation could be led towards the continuous case using the strong result of [12] and more generally towards closed-loop pole placement analysis with sophisticated clustering regions as in [15, 1].

References

[1] O. Bachelier, D. Peaucelle, D. Arzelier, and J. Bernussou. A precise robust matrix root-clustering analysis with respect to polytopic uncertainty. In Proceedings of ACC, Chicago - USA, July 2000.

[2] B. R. Barmish. Necessary and sufficient conditions for quadratic stabilizability of an uncertain system. Journal of Optimization Theory and Applications, 46(4):399–408, August 1985.

[3] J. Bernussou, J. C. Geromel, and P. L. D. Peres. A linear programming oriented procedure for quadratic stabilization of uncertain systems. Systems and Control Letters, 13:65–72, July 1989.

[4] S. Boyd, L. El Ghaoui, E. Féron, and V. Balakrishnan. Linear Matrix Inequalities in System and Control Theory. Volume 15 of SIAM Studies in Applied Mathematics, USA, 1994.

[5] M. Chilali, P. Gahinet, and P. Apkarian. Robust pole placement in LMI regions. IEEE Transactions on Automatic Control, 44(12):2257–2269, December 1999.

[6] M. C. de Oliveira, J. Bernussou, and J. C. Geromel. A new discrete-time robust stability condition.

Systems and Control Letters, 37(4), July 1999.

[7] E. Feron, P. Apkarian, and P. Gahinet. Analysis and synthesis of robust control systems via parameter dependant Lyapuonv functions. IEEE Transactions on Automatic Control, 41:436– 442, 1996.

[8] P. Gahinet, P. Apkarian, and M. Chilali. Affine parameter-dependent Lyapunov fucntions and real parametric uncertainty. IEEE Transactions on Automatic Control, 41(3):436–442, March 1996.

[9] G. Garcia and J. Bernussou. Pole assignment for uncertain systems in a specified disk by state feedback. IEEE Transactions on Automatic Control, 40(1):184–190, January 1995.

Internal Report No 20011015OB v. 2

[10] G. Garcia, J. Bernussou, and D. Arzelier. Robust stabilization of discrete-time linear systems with norm bounded time-varying uncertainty. Systems and Control Letters, 22:327–339, 1994.

[11] G. Garcia, J. Daafouz, and J. Bernussou. Ouput feedback disk pole assignment for systems with positive real uncertainty. IEEE Transactions on Automatic Control, 41(9):1385–1391, September 1996.

[12] J. C. Geromel, M. C. de Oliveira, and L. Hsu. LMI characterization of structural and robust stability. Linear Algebra and its Applications, 285:69–80, 1998.

[13] J. C. Geromel, P. L. D. Peres, and J. Bernussou. On a convex parameter space method for linear control design of uncertain systems. SIAM Contro and Optimization, 29(2):381–402, Mars 1991.

[14] J. C. Geromel, P. L. D. Peres, and P. L. D. Souza. H_2 guaranteed cost control for uncertain continuous-time linear systems. Systems and Control Letters, 19, 1992.

[15] D. Peaucelle, D. Arzelier, O. Bachelier, and J. Bernussou. A new robust D-stability condition for real convex polytopic uncertainty. Systems and Control Letters, 40(1):21–30, May 2000.

[16] I. R. Petersen. A stabilization algorithm for a class of uncertain linear systems. Systems and Control Letters, 8:351–357, 1987.