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nD Behaviors

Linear differential systems: Σ = (T ,W,U,B) where

• T = Rn is the independent variable domain

• W = Rw, for some w ∈ N, is the signal space

• U = C∞ (Rn,Rw) is the universe

• B ⊂ U is the behavior

The elements of B are called trajectories
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• There exists g ∈ N and a polynomial matrix R(s) ∈ Rg×w[s] such that

B = {w ∈ C∞ (Rn,Rw) : R (σ)w = 0}

where s := (s1, . . . , sn), σ := (σ1, . . . , σn) and σi := ∂i

∂ti .
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• There exists g ∈ N and a polynomial matrix R(s) ∈ Rg×w[s] such that

B = {w ∈ C∞ (Rn,Rw) : R (σ)w = 0}= kerR(σ)

where s := (s1, . . . , sn), σ := (σ1, . . . , σn) and σi := ∂i

∂ti .

R(s) → kernel representation matrix of B

A behavior B is autonomous if for every w ∈ B:

[w(t) = 0, ∀t ∈ P ] ⇒ [w ≡ 0]; ∀P ∈ P

P → special class of subsets of T .

B= kerR autonomous ⇔ R has full column rank
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Invariance (1D State Space Systems)

ẋ = Ax → Autonomous state space system

State space → X = Rn Associated behavior → B = ker(σI −A)

Definition: A subspace VX of X is said to be invariant if

[x(0) ∈ VX , x ∈ B]⇒ [x(t) ∈ VX , ∀t ≥ 0]

•
x(0)

Vx
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Proposition: Consider a 1D state space system ẋ = Ax with state space

X . Let VX be a subspace of X . Then TFAE:

1. VX is an invariant subspace of the given system.

2. A (VX ) ⊂ VX (A-invariance).
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Characterization

Proposition: Consider a 1D state space system ẋ = Ax with state space

X . Let VX be a subspace of X . Then TFAE:

1. VX is an invariant subspace of the given system.

2. A (VX ) ⊂ VX (A-invariance).

Elementary linear algebra
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if: For every P ⊂ P [
w ∈ B, w|P ∈ V|P
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Definition: Let B be a nD behavior. A sub-behavior V of B is B-invariant

if: For every P ⊂ P [
w ∈ B, w|P ∈ V|P

]
⇒ [w ∈ V]

−∞

B 1D case

V
t0
•

nD Behaviors Invariance Control Cont.ed invariance Observers Cond.ed invariance Conclusion



1 2 3 4 5©6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

Behavioral invariance

Definition: Let B be a nD behavior. A sub-behavior V of B is B-invariant

if: For every P ⊂ P [
w ∈ B, w|P ∈ V|P

]
⇒ [w ∈ V]

−∞

B 1D case

V
t0
•

Remark: [Rocha & Wood 1997] V hermetic sub-behavior of B.
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Characterization

Proposition: Let B and V ⊂ B be two nD behaviors. TFAE:

1. V is B-invariant.

2. B/V is autonomous.

3. If B = ker R̄V , V = kerV , and L is a MLA of V , then

 R̄

L

 has

full column rank.
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Characterization

Proposition: Let B and V ⊂ B be two nD behaviors. TFAE:

1. V is B-invariant.

2. B/V is autonomous.

3. If B = ker R̄V , V = kerV , and L is a MLA of V , then

 R̄

L

 has

full column rank.

Remark: B/V ∼= ker

 R̄

L


Remark: If B is autonomous then any sub-behavior V is B-invariant.
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Control (1D State Space Systems - static state feedback)

Given system Σ

 ẋ = Ax+Bu

y = Cx
∼ B(x,u)

Controller system Σcontroller u = −Kx ∼ Bcontroller
(x,u)
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 ẋ = Ax+Bu

y = Cx
∼ B(x,u)

Controller system Σcontroller u = −Kx ∼ Bcontroller
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BCL
x = {x : ẋ = (A−BK)x}
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Control (1D State Space Systems - static state feedback)

Given system Σ

 ẋ = Ax+Bu

y = Cx
∼ B(x,u)

Controller system Σcontroller u = −Kx ∼ Bcontroller
(x,u)

Closed-loop x-system ΣCL

BCL
x = {x : ẋ = (A−BK)x}

Aims: Pole placement, stabilization, etc.
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Behavioral Control

Given behavior B ∼ R(σ)w = 0

Controller behavior Bcontroller ∼ K(σ)w = 0
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∼
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Bcontrolled = B ∩ Bcontroller︸ ︷︷ ︸
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∼
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Behavioral Control

Given behavior B ∼ R(σ)w = 0

Controller behavior Bcontroller ∼ K(σ)w = 0

Controlled behavior

Bcontrolled = B ∩ Bcontroller︸ ︷︷ ︸
interconnection

∼

 R(σ)

K(σ)

w = 0

Aims: To obtain a specific controlled behavior or a controlled behavior

with desired properties.

Issues: Solvability of the control problem; regular control; partial

interconnections...
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ẋ = Ax+Bu → state space system

State space → X = Rn

Associated behavior → B(x,u) = ker[(σI −A) −B]
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Controlled invariance (1D State Space Systems- very simplified!)

ẋ = Ax+Bu → state space system

State space → X = Rn

Associated behavior → B(x,u) = ker[(σI −A) −B]

Definition: A subspace VX of X is said to be controlled-invariant if there

exists a static feedback controller u = −Kx such that VX is invariant for

the closed-loop system, i.e., such that VX is (A−BK)-invariant.
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Characterization

Proposition: Consider a 1D state space system ẋ = Ax+Bu with state

space X . Let VX be a subspace of X . Then TFAE:

1. VX is a controlled-invariant subspace of the given system.

2. A (VX ) ⊂ VX + imB .

nD Behaviors Invariance Control Cont.ed invariance Observers Cond.ed invariance Conclusion



1 2 3 4 5 6 7 8 9 10©11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

Characterization

Proposition: Consider a 1D state space system ẋ = Ax+Bu with state

space X . Let VX be a subspace of X . Then TFAE:

1. VX is a controlled-invariant subspace of the given system.

2. A (VX ) ⊂ VX + imB .

Issues: Computation of the largest controlled-invariant subspace, V∗(F),

contained in a given subspace F , etc.
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Behavioral controlled invariance

Definition: Let B be a nD behavior. A sub-behavior V of B is

controlled-invariant if there exists a (regular) controller behavior

Bcontroller such that V is (B ∩ Bcontroller)-invariant.
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Characterization

B = ker R̄V → behavior

V = kerV → sub-behavior of B
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Characterization

B = ker R̄V → behavior

V = kerV → sub-behavior of B

V controlled-invariant ⇔

There exists Bcontroller = kerKV such that

ker
(  R̄

K

V )/ kerV is autonomous...
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Characterization

...

ker
(  R̄

K

V )/ kerV = ker


R̄

K

L

 with L MLA of V
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Characterization

...

ker
(  R̄

K

V )/ kerV = ker


R̄

K

L

 with L MLA of V

Thus:

V controlled-invariant ⇔

∃K, nD polynomial matrix, such that


R̄

K

L

 has full column rank
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Characterization

...

ker
(  R̄

K

V )/ kerV = ker


R̄

K

L

 with L MLA of V

Thus:

V controlled-invariant ⇔

∃K, nD polynomial matrix, such that


R̄

K

L

 has full column rank

Problem: this is always true!

nD Behaviors Invariance Control Cont.ed invariance Observers Cond.ed invariance Conclusion
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1D Observers (State Space Systems - very simplified!)

Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)
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Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)

Error system Σe

Bss
e = {e = x̂− x : ∃y s.t. (y, x) ∈ B(y,x), (y, x̂) ∈ B̂(y,x̂)}
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Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)

Error system Σe

Bss
e = {e = x̂− x : ∃y s.t. (y, x) ∈ B(y,x), (y, x̂) ∈ B̂(y,x̂)}

Definition: Ω tracking state observer for Σ if e(0) = 0⇒ e(t) = 0, ∀t ≥ 0
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1D Observers (State Space Systems - very simplified!)

Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)

Error system Σe

Bss
e = {e = x̂− x : ∃y s.t. (y, x) ∈ B(y,x), (y, x̂) ∈ B̂(y,x̂)}

Definition: Ω tracking state observer for Σ if e(0) = 0⇒ e(t) = 0, ∀t ≥ 0

P = A−RC ė = (A−RC)e
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1D Observers (State Space Systems - very simplified!)

Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)

Error system Σe

Bss
e = {e = x̂− x : ∃y s.t. (y, x) ∈ B(y,x), (y, x̂) ∈ B̂(y,x̂)}

Definition: Ω tracking state observer for Σ if e(0) = 0⇒ e(t) = 0, ∀t ≥ 0

P = A−RC ė = (A−RC)e

(State space) autonomy of the error system
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1D Behavioral observers

B(w1,w2) B̂(w1,ŵ2)

e = ŵ2 − w2

Be error behavior

w1

w2 ŵ2

e
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1D Behavioral observers

B(w1,w2) B̂(w1,ŵ2) tracking observer

autonomous

e = ŵ2 − w2

Be error behavior

w1

w2 ŵ2

e

nD Behaviors Invariance Control Cont.ed invariance Observers Cond.ed invariance Conclusion



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16©17 18 19 20 21 22 23 24 25 26 27[Valcher&Willems 1999, Trumpf-Trentelman-Willems 2011]

Trackability (1D)
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Trackability (1D)

Definition: Given B(w1,w2)

w2 is trackable from w1 if a tracking observer for w2 from w1 exists.
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Trackability (1D)

Definition: Given B(w1,w2)

w2 is trackable from w1 if a tracking observer for w2 from w1 exists.

Proposition: B(w1,w2) ∼ R2(σ)w2 = R1(σ)w1

w2 trackable from w1 ⇔ R2 has full column rank
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Trackability (1D)

Definition: Given B(w1,w2)

w2 is trackable from w1 if a tracking observer for w2 from w1 exists.

Proposition: B(w1,w2) ∼ R2(σ)w2 = R1(σ)w1

w2 trackable from w1 ⇔ R2 has full column rank

Trivial observer: R2(σ)ŵ2 = R1(σ)w1
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Trackability (1D)

Definition: Given B(w1,w2)

w2 is trackable from w1 if a tracking observer for w2 from w1 exists.

Proposition: B(w1,w2) ∼ R2(σ)w2 = R1(σ)w1

w2 trackable from w1 ⇔ R2 has full column rank

Trivial observer: R2(σ)ŵ2 = R1(σ)w1

Remark: kerR2 = hidden behavior of w2

Nw2 = {w2 | (0, w2) ∈ B(w1,w2)}

Hence Trackability ⇔ Autonomy of the hidden behavior
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Example: Behavioral tracking observer 6= Tracking state observer

B(y,x) →

 ẋ = x

y = x
→ x(t) = etx(0)

B̂(y,x̂) → ˙̂x = 0x̂+ 0y → x̂(t) ≡ x̂(0)
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Example: Behavioral tracking observer 6= Tracking state observer

B(y,x) →

 ẋ = x

y = x
→ x(t) = etx(0)

B̂(y,x̂) → ˙̂x = 0x̂+ 0y → x̂(t) ≡ x̂(0)

Therefore x̂(t) = x(t) for t ∈ (−∞, 0]⇒ x̂ ≡ x ≡ 0

blaba B̂(y,x̂) is behavioral tracking observer for x from y
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Example: Behavioral tracking observer 6= Tracking state observer

B(y,x) →

 ẋ = x

y = x
→ x(t) = etx(0)

B̂(y,x̂) → ˙̂x = 0x̂+ 0y → x̂(t) ≡ x̂(0)

Therefore x̂(t) = x(t) for t ∈ (−∞, 0]⇒ x̂ ≡ x ≡ 0

blaba B̂(y,x̂) is behavioral tracking observer for x from y

But, for x(t) = et and x̂(t) ≡ 1

[x(0) = x̂(0)], but [x(t) = et 6= 1 = x̂(t) for t > 0]

B̂(y,x̂) is not a tracking state observer for B(y,x).
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Observers and trackability - nD case
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Observers and trackability - nD case

Same definitions and results as for the 1D case.
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Conditioned Invariance (1D State Space Systems)

Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)
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Conditioned Invariance (1D State Space Systems)

Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)

Error system Σe with error-trajectory set Bss
e , as before
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Conditioned Invariance (1D State Space Systems)

Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)

Error system Σe with error-trajectory set Bss
e , as before

Definition: Ω observer for x/VX (VX subspace of X ) if

[e(0) ∈ VX , e ∈ Bss
e ]⇒ [e(t) ∈ VX , ∀t ∈ R]

nD Behaviors Invariance Control Cont.ed invariance Observers Cond.ed invariance Conclusion



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19©20 21 22 23 24 25 26 27[Basile-Marro 1969]

Conditioned Invariance (1D State Space Systems)

Given system Σ (with state space X )

 ẋ = Ax

y = Cx
∼ B(y,x)

Observer system Ω (with state space X )
{

˙̂x = P x̂+Ry ∼ B̂(y,x̂)

Error system Σe with error-trajectory set Bss
e , as before

Definition: Ω observer for x/VX (VX subspace of X ) if

[e(0) ∈ VX , e ∈ Bss
e ]⇒ [e(t) ∈ VX , ∀t ∈ R]

VX invariant subspace of X under the error dynamics
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Conditioned Invariance (1D state space systems)

Remark: Observers for x/VX do not always exist.
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Conditioned Invariance (1D state space systems)

Remark: Observers for x/VX do not always exist.

Definition: Given a state space system Σ with state x and state space X ,

a subspace VX of X is called conditioned invariant if an observer for

x/VX exists.
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Conditioned Invariance (1D state space systems)

Remark: Observers for x/VX do not always exist.

Definition: Given a state space system Σ with state x and state space X ,

a subspace VX of X is called conditioned invariant if an observer for

x/VX exists.

Conditioned invariance of VX ⇔ Existence of a state space observer s.t.

VX is an invariant subspace of X under

the corresponding error dynamics
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Behavioral conditioned invariance
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Behavioral conditioned invariance

B(w1,w2) → given nD behavior

B̂(w1,ŵ2) → observer behavior

Be → error behavior

Ve → sub-behavior of Be

nD Behaviors Invariance Control Cont.ed invariance Observers Cond.ed invariance Conclusion



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21©22 23 24 25 26 27

Behavioral conditioned invariance

B(w1,w2) → given nD behavior

B̂(w1,ŵ2) → observer behavior

Be → error behavior

Ve → sub-behavior of Be

Definition:

B̂(w1,ŵ2) observer for w2 from w1 for B(w1,w2) modulo Ve if

∀P ∈ P :
[
e|P ∈ (Ve)|P , e ∈ Be

]
⇒
[
e ∈ Ve

]
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Behavioral conditioned invariance

B(w1,w2) → given nD behavior

B̂(w1,ŵ2) → observer behavior

Be → error behavior

Ve → sub-behavior of Be

Definition:

B̂(w1,ŵ2) observer for w2 from w1 for B(w1,w2) modulo Ve if

∀P ∈ P :
[
e|P ∈ (Ve)|P , e ∈ Be

]
⇒
[
e ∈ Ve

]

Ve is Be-invariant
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Behavioral conditioned invariance - Diagram

B(w1,w2) B̂(w1,ŵ2)

e = ŵ2 − w2

Be

w1

w2 ŵ2

e
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Behavioral conditioned invariance - Diagram

B(w1,w2) B̂(w1,ŵ2) observer modulo Ve

Be/Ve autonomous

e = ŵ2 − w2

Be

w1

w2 ŵ2

e
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Behavioral conditioned invariance

nD Behaviors Invariance Control Cont.ed invariance Observers Cond.ed invariance Conclusion



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23©24 25 26 27

Behavioral conditioned invariance

B(w1,w2) → given behavior

w1 → measured variable

w2 → to-be-estimated variable (in a universe Uw2)
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Behavioral conditioned invariance

B(w1,w2) → given behavior

w1 → measured variable

w2 → to-be-estimated variable (in a universe Uw2)

Definition:

A behavior V ⊂ Uw2 is conditioned invariant if a (behavioral) observer for

w2 from w1 for B(w1,w2) modulo V exists.
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Behavioral conditioned invariance

B(w1,w2) → given behavior

w1 → measured variable

w2 → to-be-estimated variable (in a universe Uw2)

Definition:

A behavior V ⊂ Uw2 is conditioned invariant if a (behavioral) observer for

w2 from w1 for B(w1,w2) modulo V exists.

Conditioned invariance of V ⇔ Existence of a behavioral observer

with error behavior Be s.t.

V ⊂ Be is Be-invariant
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Behavioral conditioned invariance

Example (1D case) B(w1,w2) ∼ (σ + 1)[σ + 2 σ + 3]w2 = w1

Hidden behavior: Nw2 ∼ (σ + 1)[σ + 2 σ + 3]w2 = 0

not autonomous → w2 not trackable from w1
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Behavioral conditioned invariance

Example (1D case) B(w1,w2) ∼ (σ + 1)[σ + 2 σ + 3]w2 = w1

Hidden behavior: Nw2 ∼ (σ + 1)[σ + 2 σ + 3]w2 = 0

not autonomous → w2 not trackable from w1

V = ker[σ + 2 σ + 3] conditioned invariant behavior
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Behavioral conditioned invariance

Example (1D case) B(w1,w2) ∼ (σ + 1)[σ + 2 σ + 3]w2 = w1

Hidden behavior: Nw2 ∼ (σ + 1)[σ + 2 σ + 3]w2 = 0

not autonomous → w2 not trackable from w1

V = ker[σ + 2 σ + 3] conditioned invariant behavior

B̂(ŵ1,w2) ∼ (σ + 1)[σ + 2 σ + 3]ŵ2 = w1 observer

Be = ker(σ + 1)[σ + 2 σ + 3] error behavior
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Behavioral conditioned invariance

Example (1D case) B(w1,w2) ∼ (σ + 1)[σ + 2 σ + 3]w2 = w1

Hidden behavior: Nw2 ∼ (σ + 1)[σ + 2 σ + 3]w2 = 0

not autonomous → w2 not trackable from w1

V = ker[σ + 2 σ + 3] conditioned invariant behavior

B̂(ŵ1,w2) ∼ (σ + 1)[σ + 2 σ + 3]ŵ2 = w1 observer

Be = ker(σ + 1)[σ + 2 σ + 3] error behavior

Be/V ' ker(σ + 1) autonomous ↔ V is Be-invariant
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Conditioned Invariance Characterization
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Conditioned Invariance Characterization

Proposition:

B(w1,w2) → nD behavior

V ⊂ Uw2 conditioned invariant ⇐ V ⊂ Nw2 and is Nw2-invariant
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Conditioned Invariance Characterization

Proposition:

B(w1,w2) → nD behavior

V ⊂ Uw2 conditioned invariant ⇐ V ⊂ Nw2 and is Nw2-invariant

Proposition:

B(w1,w2) → nD behavior s.t. a tracking observer for w2 from w1 exists.

V ⊂ Uw2 conditioned invariant ⇐ V ⊂ Nw2
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Conditioned Invariance Characterization

Proposition:

B(w1,w2) → nD behavior

V ⊂ Uw2 conditioned invariant ⇐ V ⊂ Nw2 and is Nw2-invariant

Proposition:

B(w1,w2) → nD behavior s.t. a tracking observer for w2 from w1 exists.

V ⊂ Uw2 conditioned invariant ⇐ V ⊂ Nw2

Remark: The sufficient conditions are not necessary.
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Conditioned invariance - Summary

State-space Behavior

Invariance x(0) ∈ VX ⇒ x(t) ∈ VX ,∀t ≥ 0 x ∈ B; x|P ∈ B′ ⇒ x ∈ B′

Observer

(tracking)

Error system state space autonomous Error behavior autonomous

Existence of

observers

(trackability)

Always

espaços. Just take Ω = Σ

Hidden behavior autonomous

Observer

modulo V
V subspace of state space

V is an invariant subspace w.r.t. the

error dynamics

V sub-behavior of Be

...... V is behaviorally invariant under

the error dynamics (Be-invariant)

Conditioned in-

variance of V
Existence of a state space observer for

x/V
Existence of a behavioral observer

modulo V
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Conditioned invariance - Summary

State-space Behavior

Invariance x(0) ∈ VX ⇒ x(t) ∈ VX ,∀t ≥ 0 x ∈ B; x|P ∈ B′ ⇒ x ∈ B′

Observer

(tracking)

Error system state space autonomous Error behavior autonomous

Existence of

observers

(trackability)

Always

espaços. Just take Ω = Σ

Hidden behavior autonomous

Observer

modulo V
V subspace of state space

V is an invariant subspace w.r.t. the

error dynamics

V sub-behavior of Be

...... V is behaviorally invariant under

the error dynamics (Be-invariant)

Conditioned in-

variance of V
Existence of a state space observer for

x/V
Existence of a behavioral observer

modulo V
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Conclusions
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Conclusions

• No conclusions: more raising questions than presenting results
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Conclusions

• No conclusions: more raising questions than presenting results

• Attempt to define the classical concepts of invariance, controlled

invariance and conditioned invariance in the behavioral framework.
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Conclusions

• No conclusions: more raising questions than presenting results

• Attempt to define the classical concepts of invariance, controlled

invariance and conditioned invariance in the behavioral framework.

• Problems with the definition of controlled invariance can perhaps be

overcome in the context of partial interconnections (here only full

interconnections were considered).
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Conclusions

• No conclusions: more raising questions than presenting results

• Attempt to define the classical concepts of invariance, controlled

invariance and conditioned invariance in the behavioral framework.

• Problems with the definition of controlled invariance can perhaps be

overcome in the context of partial interconnections (here only full

interconnections were considered).

• The definition of conditioned invariance follows natural / parallel ideas

to the classical approach and the behavioral definitions in the field of

observers, and seems to be less problematic.
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Conclusions

• No conclusions: more raising questions than presenting results

• Attempt to define the classical concepts of invariance, controlled

invariance and conditioned invariance in the behavioral framework.

• Problems with the definition of controlled invariance can perhaps be

overcome in the context of partial interconnections (here only full

interconnections were considered).

• The definition of conditioned invariance follows natural / parallel ideas

to the classical approach and the behavioral definitions in the field of

observers, and seems to be less problematic.

Thank you!
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