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Introduction

e The fractional representation approach to analysis and synthesis
problems developed by Desoer, Callier, Vidyasagar, Francis... was
successful for finite-dimensional systems.

M. Vidyasagar, Control System Synthesis:
A Factorization Approach, MIT Press, 1985.

e However, it is still in progress for infinite-dimensional systems.

R. F. Curtain, H. J. Zwart, An Introduction to co-Dimensional Linear
Systems Theory, TAM 21, Springer, 1991.

as well as for multidimensional systems:

Z. Lin, "Output feedback stabilizability and stabilization of linear nD
systems”, in Multidimensional Signals, Circuits and Systems, chapter 4,
Taylor & Francis, 2001, 59 -76.
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Transfer functions

e Ordinary differential equation:

z(t) =z(t) + u(t), z(0)=0 = Z(s)= u(s).
e Differential time-delay equation:
z(t) = z(t) + u(t), x(0) =0,

0, 0<t<h = 9s)= ).
y(t):{z(t—h), t > h, (s—=1)

e Partial differential equation:

0%z 0z
ﬁ(xa t) - 32 Ox2 (Xa t) = 07
X (21-X)s
Oz e 2%—e a2
z(x,0) =0, a(x, 0)=0, _ y(s) = ( ) ~

z(0,t) = u(t), z(/,t)=0,

y(t) = Z(Y7 t)?
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Examples of transfer functions

e Heat equation:

2,
gz(x, t) — )\22 2(x t) =0,

(t 00 (X095 — A 1-00%)
z(x,0) =0, = y(s) = (e/\’\/g - ef)\lﬁ) u(s).
z(0,t) = u(t), z(l,t)=0,

y(t) = Z(Y7 t)v
e Telegraph equation:

0%z , 0%z B

@(x, t)—a W(X’ t) — kz(x,t) =0,
0z Pk -

2(x,0) =0, (x.0) S P(s)=e T as)
z(0,t) = u(t), limy_iooz(x,t) =0,

y(t) = z(x, 1),
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Example: An electric transmission line

ov ol
a(x,t)—i— 5 —(x,t)+ RI(x,t) =0,
ol av

V(x,0) =0, (X, 0)=0,
V(0,t) = u(t), limy_ioo V(x,t)=0,
\ V(Y7 t) :yl(t)? I(Yv t) :y2(t)7

)71(5) e~ (Ls+R)(Cs+G)x
NN EZORIS ).
y2(s) Eji’g ef\/(LS+R)(CS+G)X
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Discrete systems & filters

o Z-transform: V (xp)nez © Z((Xn)nez)(2) = D pez Xnz™".
e Let us consider (y,)nen and (up)nen satisfying:

Yn+2 — 3)/n+1 +2y, =2 Upy1 + 2 up,

Yo = 07
)41 =0.
z*1 22 z
= Z(y)(z) = 225 2(u)(z) = 252 Z(u)(2).

oj=(01,..,Jn) €Z", k = (ki,..., ky) € Z",
= k—j= (ki —j1,--- kn = jn)

o n-D filters: y(k) = (h* u)(k) = > ;70 h(k —j) u(j).

Z((h(k))kezr) = Y h(k)z 7, zki=zh gk,
kezn

Alban Quadrat Fractional representation approach



The fractional representation approach

e (Zames) The set of transfer functions has the structure of an
algebra (parallel +, serie o, proportional feedback . by R).

e (Vidyasagar) Let A be an algebra of stable transfer functions
with a structure of an integral domain (ab=0 = a=0V b=0).

Q(A)={p=n/d | 0+#d, n € A} represents the class of systems.

‘peA & pisstable, pe K\A & pis unstable‘

e (Zames) The algebra A should be a normed algebra so that the
errors in the modelization & approximation of the real plant by the
mathematical model can be considered

(e.g., Banach algebra: [|ablla<|allal blla [1]a=1)
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Example: Hardy algebra H*(C.)

e Let us define the right half plane C,. = {s € C|Res > 0}.
e The Hardy algebra H*°(C,.) (Banach algebra) is defined by:

H°(C4) = {holomorphic fcts in Cy| || f |lco= sup |f(s)| < +o0}.

seCy

e The Hardy algebra H>°(C,.) is the algebra of transfer functions
of L2(R,) — L?(R)-stable shift-invariant co-dimensional systems.

o RHoo = R(s) N H®(C.,)
- {g | 0+ d, neR[s], degn < degd, d(s,) =0 = Res, <o}

is the algebra of exponentially-stable finite-dimensional plants.
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Example: Wiener algebra

o [Y(Ry) = {f:[0,+c0[= R | | f 1= fy" |f(t)| dt < +o0},

+o0

MZy)={a:Zy ={0.1,..} = R| | (ai)iez, 1= lail < +oo}.
i=0

e The Wiener algebra A is defined by:
A={f=g+XFaiden)| &cL"(Ry), (ar)icz, € IMZ4),
O0=ho<h <hy<---}
e Ais a Banach algebraw.rt. || fla= g |1 + | (a)iez, |1 -
e A={L(f)[feA 1Tlz=1fla

o A is the algebra of L>(Ry) — L*°(R)-stable shift-invariant
oo-dimensional systems.
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Example: structural stabilizable n-D systems

oD ={z=(z1,...,2,) €C" |Vi=1,...,n, |z| <1}
the closed unit polydisc of C”".

e The ring of structural stabilizable n-D systems:

R(z)s = {§|07és,r€R[zl,...,z,,], s(;):0:>;¢ﬁn}.

e Z(h(k)kezn) € A implies the BIBO stability of the filter
uel®(Z"y—y=hxuel®Z"),
i.e., we have (h(k)kezn) € I1(Z"), i.e.:

> [h(k)| < +oc.

kezn

e M. Benidir, M. Barret, Stabilité des filtres et des systémes
linéaires, Dunod, 1999.



e RH., (algebra of exponentially-stable finite-dimensional plants):

1
1 (m) 1 s—1
_ — RH., = RH
P=s1 (g) s+ 1’ s+16 p e Q ):
s+1

o A (algebra of BIBO-stable co-dimensional plants):

h (—‘5th> h
e s s+1 e s s—1
= = =
P=51 (571)’ s+1’ s—l—leA peQA )
s+1

e H>®(C,) (algebra of L2(R. )-stable co-dimensional plants):
 (14e72)
T-e)

e R(z)s (algebra of structural stable filters):

€QH®(CL)): 1+e72°5, 1 —e 25 H®(Cy).

2z(z+1)  r 2z(z+1) 272 -3z+1

= = fr=———2 §=— "
222-3z4+1 s’ (z+2)2 " (z+2)?



Internal stabilization

e Let A be an algebra of stable transfer function, K := Q(A).
e Let P € K9%" be a plant and C € K"™*9 a controller.

up +

~ & c n

Y2 € + W
P O

<2>:H(P,C) < Z;) H(P,C)::(Ig Z>_1,

e Definition: P € K9*" is internally stabilizable iff there exists a
stabilizing controller C € K"*49, i.e., such that:

(I, —PC)1 —(ly—PC)7LP
H(P’C)—< —C(lg=PC)™" L +C(lg—PC) P
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|dempotents of Ala+r)x(a+r)

e Lemma: P € K9*" is stabilized by C € K" iff 1 < 2 holds:
Q@ The matrix

_( Ug—=PCO)Y —(lg—PC)tP
e = < C(ly—PC)™ —C(ly—PC)tP >

satisfies I'I2C =Mc e Ala+r)x(a+r)
@ The matrix

Np = ( —P(l,—CP)'C P(l,—CP)! >

—(l,-cP)tc (I -cP)t

satisfies M% = Mp € Ala+r)x(a+r),

e We have ¢ + lNp = I, ,: complementary idempotents.

() ren) () ()
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Characterization of stabilizability

NZ =Nc¢ € AlTENx@+n) = N A@H)*1 g kera(Me.) = AT
M2 = Mp € A@HX@) o AL [pakera(Mp) = A+,
e Definition: A finitely generated (f.g.) A-module M is projective if
there exist r € Z>¢ and an A-module P such that M & P = A",
e The f.g. A-module M¢ := M¢ Al@+)*1 s projective of rank g.

e The f.g. A-module Mp := AY(9+7) M is projective of rank r.

e Theorem (A.Q. 06): P is internally stabilizable iff 1 < 2 holds:
Q@ L:=(l; — P)AE+t)x1isa projective lattice of K9
isomorphic to M¢ := Mg Ala+)x1,

Q@ M = AX(@t) (PT T)T is a projective lattice of K1*"
isomorphic to Mp := A+ p.
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Characterization of stabilizability

o Let C € K™ 9 be a stabilizing controller of P € K9%" and:
o So = (I, — P C)7!is the output sensitivity transfer matrix.
o U=C(l,—-PC)t=(l,-CP)LC.
@ S; = (I, — C P)~!is the input sensitivity transfer matrix.

L= (I _P)A(q+f)><1 2N MC:nCA(q—i-r)xl
m=(lg —P) — (S5 UT)Tm=TNck,

M = AX(atn) (pT TYT 2, pg, — Alx(at0) [
m=pn(PT 1) — (=S U)=pulp.
e 11 and 1 are two injective A-linear maps since:
So—PU=lg = m=(S—PUm=_(>s —P)uln),
SS—UP=1I = m=mn(S—UP)=—un(m)(’ PT)T.
= L=2u(L)=Mc, M= ip(M)= Mp.



Coprime factorization

e Definition: A transfer matrix P € K9%" admits a left-coprime
factorization if there exist D € A9%9, det D # 0, N € A9*",
X € A9%9 and Y € A™9 such that

P=D1'N, DX-NY =1,

e Definition: A transfer matrix P € K9*" admits a right-coprime
factorization if there exist D € A%, det D #0, N € A9xr,
X € A", Y € A™%9, such that:

P=ND' —YN+XD-=I,.

e Definition: A transfer matrix P € K9%" admits a doubly-coprime
factorization if it admits a left and a right coprime factorization
P=D"1N = ND"! such that:

D -N X N\ _,
-y X y D) 9"
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Coprime factorization

e Definition: A f.g. A-module M is free if there exists r € Zx>g
such that M = A", i.e., amits a basis.

o If P= D71 N is a left coprime factorization of P € K9*" with

X
(D —N) ( y ) =l = (D —N)AWE+)*1— Aq,
= L=(ly —P)ATTL=(, —DtN)AlatIx
—p1 (D —=N) A(Q+r)><1) - p1 Ale,
= the columns of D~1 form a basis of £, i.e., L is a free lattice.
e If L is lattice, then there exists U € K979, det U # 0, such that
L=l —P)AE)<1 = yAd je,
AD e A9%9, N e AT*" X € A9%9, Y € Arx9 .
lg =UD, P=UN, U=Il;X-PY
=U1=D, P=D'N, DX-NY =1,
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Coprime factorization

e Proposition (A.Q. 06): P € K9%" admits a left-coprime
factorization iff there exists D € A9%9 such that det D # 0 and

L:=(l; —P)ATT" =D71AI

i.e., iff L is a free lattice of K9, namely, £ = A9,

e Proposition (A.Q. 06): P € K9%" admits a right-coprime
factorization if there exists D € A™" such that det D # 0 and

r

M = A1><(q+r) < 'ID ) — Alxr 5717

i.e., iff M is a free lattice of K%', namely, M = ALXr
e Remark: A f.g. free A-module M is projective (M @ 0 = A").

e Question: When does a f.g. projective A-module free?
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Parametrization of all the stabilizing controllers

e Theorem (A.Q. 06): Let P € K9%" be an internally stabilizable
plant. Then, all stabilizing controllers of P have the form

CQ) =U+N(So+PNT=(S+AP)"H(U+NA), (%)

where C, is any stabilizing controller of P,
So=(lq — PC.)™t € ATx9,
U=C(lg—PC) =, —-CP)IC. e AX9,
Si=(,—C.P)Le A

and Q is any matrix which belongs to the projective A-module

Q={ANe AT AP A" PN AT PAP c AT*"},
= (U §)Aletnx(atn) (T yTT,

and satisfies det(S, + P A) # 0 and det(S; + A P) # 0.



Youla-Kucera parametrization

e Corollary: Let P € K9%" be a transfer matrix which admits a
doubly coprime factorization:

P=D1N=ND1,
D —N X N\ _,
-y X y D) "

Se=XD, U=YD=DY, S =DX.

Then, we have:

Moreover, the set 2 of free parameters of (%) satisfies:
Q=DA™D, ie,A=DQD, Qe A
Then all stabilizing controllers of P have the form
CQ=(Y+DQ(X+NQ)™=(X+QN)1(Y+@D),

for all Q € A9 st. det(X + N Q) # 0 and det(X + Q N) # 0.



Z. Lin's conjecture

e Z. Lin's problems (1998):

© Determine whether or not an internally stabilizable n-D linear
system defined by P € R(zy,...,z,)9" admits a doubly
coprime factorization over A.

@ Parametrize all stabilizing controllers for an internally
stabilizable n-D system P € R(z,...,z,)9*".

e /. Lin's conjecture: If P is internally stabilizable, then P admits
a doubly coprime factorization.
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Z. Lin's conjecture is true

e Theorem: (Deligne; Kamen-Khargonekar-Tannenbaum (ACAP 84),
Byrnes-Spong-Tarn (MST 84)):

The ring of structural stabilizable n-D systems
R(z)s = {g |0#s, reR[z,..., 2z, s(z) =0 = ;@éﬁn}.

is projective-free, i.e., finitely generated projective A-modules are
free.

e Corollary (Q. 06): Z. Lin's conjecture is true.

e Remark: Deligne's proof is not constructive!
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Neutral time-delay systems

e 0 < hy <...< h, rationally independent set of reals.
e Ox(t)=x(t), 0ix(t)=x(t—h;),i=1,...,n

e Differential time-delay linear systems:

D(S1,. .., 6) ");f) = A(r, . 60) x(£) + By, 6n) u(t).
= PO D5y A6)) x(0) + (D) B(8)) u().

dt
e L(D(61,...,8,) = D(e=Mms ... e=Ms) where:
Vi=1,...,n, |ehs|<1.
e Uniform asymptotical stability independent of delay
= Vh >0 i=1,...,n VsecCy, det(D(e M ... ,e"ms)) £0
= systems over the ring R(0)s (D = R()s[Z]):
x(t) = A'(8) x(t) + B'(6) u(t), A'(0) e R(2)T*", B € R(z)&*™.



Scientific program

e Participants: Yacine, Thomas, Hugues, Alban.
e Based on computer algebra techniques
(Grobner bases, CAD, computational algebraic geometry, .. .),

constructive module theory and constructive homological algebra,
we want to study the following problems:

1. For d € Rz, ..., z,)], study the semi-algebraic set:

If ze = ax +1ibk, ax, by € R, the problem is equivalent to:
R(d(ay +ib1,...,an+1iby)) =a(a1,b1,...,an by) =0,
%(d(al +iby,...,an+ i bn)) = ﬁ(al, bi,...,an, b,,) =0,
aa+b—-1<0, k=1,...,n.

In particular, effectively check whether or not E(d) = 0.
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Scientific program

2. Algorithmically study the algebra A :=R(z)s:
@ Membership problem:
Let P1,..., Pmy1 € A, check whether or not:

m
Pmi1 €1:=Y AP
i=1
Given R € A9%P and \ € AP, check whether or not:
FJue A9 uR =\
@ Study the set Max(A) of the maximal ideals of the ring A:

m
= ElQla-.-,QmeA: ZQ,P,:]_
i=1
@ Given R € A9%P  compute the left kernel of matrices:

kera(.R) := {\ € A9 | AR =0}.

@ Compute invariants of A: Krull and homological dimensions.
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Scientific program

3. Develop a constructive approach of module theory over A:
o free resolutions,
o functors exti;(-, M) and tor?(-, N),
@ projective dimensions,
@ properties: torsion, torsion-free, reflexive, projective, ...

4. Develop a constructive version of Deligne’s proof:

projective = free.

5. Implement the different algorithms in dedicated Maple package.

6. Develop a H*> control theory for multidimensional systems
following Ball's, ..., works.
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