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Below, we find the proofs of Theorem 1, Theorem 2 and Theorem 3 given
on the paper : H,, performance analysis of 2D continuous time varying delay
systems.

Appendix 1: Proof of Theorem 1

To prove the asymptotic stability, we use similar arguments as [45] from which
we borrow equality (A.2) and using condition (7) we get

/ VI (ap (,t2)) | OV*(xf,(t1,-))
+ ds
t+ta=t ot Oto

% |:/tl+t2=t (Vh(acgl (t2)) + VO (xy, (1, )))ds] _

V2(VI (b (1) + V(b (t, ) <0
which implies that

L (st s v )] <

V2(VI (b ) + VO (bt )
and integrating both sides we get
[ (VM )+ Va0, as
t1+ta=t
t
<VE [ (VAo + V(b)) dr
0
T
<VEer [ (bl + ar )l )ar
< 00 (17)
with T = max {T1,T>} and V¢t > T. Ty and T were introduced in the initial

boundary conditions (2)-(3). With conditions (6a)-(6b) in mind, inequality
(17) above implies that

2
[ (el + e )] ds < o
t1+ta=t
which implies necessarily that

. h 2 v 2\ _
(t1+t121)r£t—>oo (||x (b, 82" + fla* (81, £2)] ) =0
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Appendix 2: Proof of Theorem 2

Lemma 1 For symmetric matrices Xo, X1, Xo, X3, X4 and a vector &, let
floa,az) = & Xo& + an&ff X1& + anll Xo& + a3€] X364+ a36] Xu&y with
X3ZO cde420.

f(a1min, @2min) <0
;Egigii:gi:j:)) : 8 = flar,a2) <0 Vou € [01min, Q1maz] and ag € [@2min, @2maz]
f(@imin, @2maz) <0
(18)
Proof

{f(ala a2min) <0

f(al i ) <0 = f(a17a2min) <0 Vag € [almin;almaw] (19)

For a fized aamin, the function f(a1, damin) i a convex quadratic function on
2

the variable o since ﬁf(al, Qamin) = 267 X3& > 0. Similar for aamaz, we
o
have the following expressions

= f(ah a2ma;c) <0 Vag € [alm'm7 alma:c] (20)

{f(a17a2maz) <0

f(ala a2maz) <0

Thus, for a fivred a1 € [O1min, ¥1maz], we have

’ min) = 0
{%Zi Zi )) o = flan,00) <0 Vau € [imin, @imae] - and @z € [@2min, @2mas]
(21)

This completes the proof.
Lemma 2 ([2]) Let W > 0 and g(s) be appropriate dimensional symmet-
ric matriz and vector, respectively. Then, we have the following for all scalar
valued function ¢(s) > 0, Vs € [t1, 2]
(i)

to

— | (s)g" (s)Wy(s)ds < m&l Ff WHFIE + 26] FT ¢(s)g(s)ds,

t1

(i1)
ta
~ [ 6" (Wals)ds < €l FW Eate + 26 F o(s)g(s)ds,
t1
where matrices F1, Fo and a vector & (independent on the integral variable)

are appropriate dimensional arbitary ones, and v1 = fttf d(s)ds, v =to —
t1.
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Let us introduce some useful notations for the proof of Theorem 2.

2 (ty,12) 2V (t1,t2)
fﬂh(tl —11(t1),t2) x¥(t1,ta — To(t2))
e = ( h1,t2) LU= z¥(t1,t2 — ho)
tl;: 71 (t1) S tg)d ft; }:22(752) t k)
tll Tl(tl) (S’ t2)d t; 72(t2) tl) k)dk

Then, for w(ty,ta) = 0, the system (8) can be rewritten as follows

@Mty te) = AREl 4+ Apy&y
iv(tlv t2) = Avgz} + Avhgth

Consider the vector function given by (4) with V(z") and V¥ (z*) are
given by the following equations :

V(g (t1,t2)) = V(a7 (b1, t2)) + Vo' (27, (t1, t2)) + V3" (27, (1, 12))  (22)
+ V(g (1, b)) + V' (@), (tr, t2)) + Vi (27, (1, 12))

where

h(h hT t1 hT h a"(t1,ta)
Vel (t,12) = [2 (t0,t2) f11y, 2T (s to)ds] PR | 0

t1—hy z
t1

‘/2h xtl tl,tQ / hT t17t2) (S,tQ)] Q}f |:$}:L(t17t2):| ds
tl ol tl) z (SatQ)

Vsh xtl tl,tQ hT tl,tQ) (S,tQ)} Qg [x};(tlatQ)] ds
t1 h1 x"(s,t2)

' hT BT n [ (s, t2)
Vi(zh (t1,t2)) (h1 — t1 4 s) [2"T (s, t2) &7 (s,2)] Qf |-, ds
1 t1 m X (S,tg)

(hy —t1 + 8)22"T (s, t) RYEM (s, t2)ds
ti—hi

V5h l‘tl tl, t2

V& (af: (b1, t2)) = / (hy =ty + 8)*&"T (s, t2) Ry i" (s, ta)ds

t1—h1

We have similar expressions of the Lyapunov functional V' (xf, (t1,t2)) for the
vertical direction.
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The divergence ofV(:Effl (-, t2),xy,(t1,-)) defined by (4) along the trajectories
of the system is given by (5) with

OVM(af, (t1,t2)) _ OVM(ai, (t1,t2) | OVS'(xf, (t1,t2))  OV3"(af, (t1, 1))

ot ot ot * ot

OV (af, (t1,t2)) | OVE'(af (ti,t2)) | OVE" (2}, (t1,t2))

OV (zy, (t1,t2)) OV (af,(t1,t2)) | OVY'(af,(t1,t2)) | OV3Y(af,(t1,t2))
ot B ot ot ot

OV (@i, (tr,t2)) | OVE' (i, (t1,t2))  OVE"(af,(t1,12))
Oty Oty Oto

Because of the similarities between the two dimensions, we will develop the
calculations only in the horizontal dimension. Computing the derivative of
Vi (@} (t1,t2)), i =1,...6, we have :

VI (af (ti,t2) L d [ iy A T ah(tt)
i d_ i al(t1,t2)
— hT Yoot hT h R
=2 {x (t1,t2) ai, Jo-m (s,tg)ds] P { ttll_hl (s, 12)ds
[T (1) T (b1, 1) — T (11— B, )] P [ © )
o v ' n tll—hl Ih(s7t2)ds

OV (xl! (t1,12))

T
51 = 26" [AT e1n — esn] P" [e1n ean +esn] &
1

+ 267 [e1n ean + esn] P" [AL, GOv}T &

OV (af (t1,12)) d " AT AT NEAGE)
—atl = d_tl /tl_Tl(tl) I:ZC (tl;tQ) X (57t2)} Ql |:xh(57t2):| dS
xh(tl, t2):|

= [T (1, £) 2T (1, £2)] Q" [xh(tth)

xh 1,19
— (1 =7(t1)) [IEhT(tlab) th(tl -7 (tl),tQ)] Q’f Lyh n (t,rl,(ttl))th)]

t h
+ Q/t |::.EhT(t17t2) é)itlth(S’tQ)] QL [ih(gg,’fj))] ds

1—71(t1)

=& [en e1n] QY [ern 61h}T§th

— &1 = 71(t1)) [e1n e2n] QF [e1n 62h}T§th
+ 2607 [AL eon] QY [11(tr)ern €5h]T h

+ 267 [r1(t1)en esn] QF [AF, GOv}T &

OV (xl! (t1,12))
oty
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oV (x}, (ti,ta)  d (™ i
) [ ) 2] 03 [ s
xh(t17t2)}
)

= [T (t1, 1) 2T (t1,12)] Q3 |:$h(t17t2

Ih t 7t
_ [aﬂhT(tth) JchT(h - hlth)} Qg [Jch t1(—1 hfa)t2)}

h ) 2 (t1,t2)
. hT 9 nr h 1,2
—1—2/751_}11 [:c (t1,12) atlm (s,tg)] Q5 [xh(s,tg)] ds
OV (xh (11,
% =& [en e1n] Q% [exn €1h}T§th
— & [ewn esn] QF [ewn €3h]T§th
+ 2607 [AF el,] Q5 [hiewn ean + €5h}T ¢h
+ 267 [hiern ean + esn] Q5 [AF, 60v}T§f
av4h(1.i7,l (tlatQ)) d h hT - hT h Ih(tl,tg)
3—151 = d_t1 /tl—hl(hl —t1+5) [I (s,t2) & (S,t2)] Q3 I'h(s,tg) ds

Ih 1,02
= [th(tl,t2) jghT(t1,t2)] Q}31 |:$'h$1722§:|

[ 2 e b 2 0t [0 ) s

OV (xh (11,

LD hagf ™ [en A7) 0 [eve A7)
+ €l [egy AL) Q1 [eon AT]T €
+ 2h, 07T lein AT Q4 [eow AEU]T'EZJ

t1
7/ ¢ [Ty T Qb [ JQ}T ¢Mds
t

1—h1
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8‘/'5h(x?1 (tl,tQ)) d /tl
t

OV (f! (t1,t2))

Vg (af (t1,12))  d /t1
t

OV (]! (t1,t2))

o, = (hy — t1 + 8)22"T (s, t0) RMiM (s, to)ds
1 1—h1

= 12T (ty, to) R (1, t2)

t1
- 2/ (hy —t1 + 8)2"T (s, t2) RYE" (s, 1) ds
t1—h1

3151 = h% thTAzR}llAhfth + h% ;}TszR}llAhvfz}
+ 2hTET A RY Apo &Y

t1
- 2/ (hy —t1 + )" (s, to) RIE" (s, 12)ds
t1—hq

o = . (hy — t1 + 8)32"T (s, t0) REE" (s, t2)ds

= 13aT (ty, to) RAGM (1, t2)

t1
— 3/ (hl — tl + S)2I'hT(S, tQ)Rg.fh(S, tQ)dS
t1—h1

ot = g AL R AREY + Wi Aj Ry Ano&}

+ 2h3¢PT AT RE A&y

t1
- 3/ (hy —t1 + 8)22"T (s, t9) Rh " (s, to)ds
t1—h1
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div(V (2l (1, t2), 2, (t1,£2))) = 2607 [AT e1n — ean] P [e1n ean + esn]” &)
+ 267 [exn ean + esn] P [AL, eOv}T &
+ &7 [ern e1n] QY [ewn €1h]T§f
=& (1 = 71(t1)) [exn e2n] QY [e1n 62h]T§f
+ 26" [AF eon] QF [m1(t1)ern esh]TEth
+ 267 [11(t1)ewn esn] QY [AF, eOU}TE;}
+ €8T [exn exn] QY [ern ean]” €
— &7 [ern esn] Q5 [exn €3h]T§f
+ 267 [h AT eon] Q% [ern ean + esn]” &
+ 267 [hiern ean + esn] Q5 [AL, GOy}TEf
+ hy P lein Af ] Q4 le1n AE]TE,?
+ & [eon AT,] Q) [eon AT,)7 &
+ 2h 0T le1n, AT Q4 [eov Agv]Tff
+ hiE T AL RY Ang] + W€ AT, RY Aoy
+ 20T AR RY Apogy
+hig T AR RS Angl + Mg AL, Ry Aoty
+ 20T A Ry Ano&y
+ 287 [AT ey, — €3] PY [e10 €40 + 65v]T§§}
+ 2§thT [Afh GOh} P [611; €4y + €5U]T &
+ &7 [e1v e10] QY [e10 €1y]T€f
= &T (1= 72(t2)) [e1v €20] QY [e10 621;}T§f
+ 267" [AT €0,] Q1 [maltz)ers esu]” &
+ 260" [AL, eon] QY [2(t2)ern €5v]T§§}
+ &7 [ern e10] Q5 [e10 €1y]T€ZJ
— &7 [ef, €1,] Q5 [ero e30] &
+ 2607 (B2 AT e0,] QY [e1n ean + €50 €
+ 267 [ha AT, eon] Qf [e1v €4 + esy]T«ff
+ o7 [, AT] QY [er, AT &
+ hohT leon AL, ] QY [eon Afh}T'ff
+ 2oy [eon AT] Q5 [ero AT]" & + W36 AT RYALE
+ h5ErT AL RY Aoy
+ 2056 AL RYALEY
+ h3E T Ay R3AVEY + W& Ay Ry Aung)

+ 2h3EPT AT RS ALEY + Vo(af (t1, t2), 20, (t1, t2))
(24)

]T
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where Va(mf}1 (t1,t2), 2}, (t1,t2)) represent the sum of integral terms expressed
by the following expression:

t1

Va(al (41, t2), 2% (1, £2)) :f/

t1—h1

ot ) @[] ¢has

t1
- 2/ (h1 —t1 + )" (s, to) RIE" (s, 12)ds
t1—hq

t1
— 3/ (hl — tl + S)QihT(S, tQ)Rgih(S, tQ)dS
tl—hl

_ /t2 CvT [JT JT] Qv |:<]1:| Cvdk
: 1 Y2 3 Jo

2—h2

ta
- 2/ (hy —to + k)&"T (t1, k)RYE" (1, k)dk
to—ho

ta
— 3/ (hg — to + k)27 (t1, k) RYZ" (t1, k)dk
to—ho

where (T'(s,t2) = [27 (s, t2) (s, t2)] and (T (1, k) = [z (t1, k) (1, k)].

t1—71(t1)

J
Valah (ot ot ) < - [T Lt ag) @ ¢has
t1—hq
+2(hy — t1 4 8)i"T (s, t2) RV (s, t5)ds
+3(h1 —t1 + S)2ihT(S, tg)RSih(S, tg)ds}
t1
-/ {chT T J3] Q) [‘] 1] chds
t1—71(t1) J2
+2(T1(t1) —t1+ S)I'hT(S, tQ)RiLih(S, tQ)dS
+3(11(t1) — t1 + 5)22"T (s, t0) RBGM (s, tg)ds}
ta=altz) T[T 7T J1
[ e s e
t 2

2—ha
+2(hg — to 4+ k)&'T (t1, k)RYE" (t1, k)dk
+3(hy — ta + k)?2"7 (t1, k) RS2" (t1, k)dk }

to
A mes i ea
+2(7o(tn) — to + k)T (t1, k)RVE" (t1, k)dk
+3(7a(t2) — to + k)22 (t1, k) Ryd" (t1, k)dk }
Va(af (t1,t2), 27, (t1,12))

USZ’Ilg ,(hl -t + S) < 7(7’1@1) -t + S)VS S [tl — Tl(tl),tl] and ,(hg —
to + k) < —(ma(t2) — ta + k)VE € [ta — T2(t2),t2] and using the property of
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a quadratic convex function and upper bounds of the integrals of quadratic
multiplied by scalar functions for both horizontal and vertical directions. Thus,
we apply lemma 2 and we have

Val@l (t1,t2), 2y, (t1,12)) < (ha — 7 (t0))§r " FPT(Q) T Fl¢)

+ 260 TP [ean ean — e3n] &

+ (= (0))2 T BT (RY) T + 46T FRT [(ha — Ta(t))ean — ean] &
+3(h1 — 7 (0))&r T 3T (Ry) T UEREY + 66T FRT (B — mi(th))ean — ean] &
+ 7 (t)6 T ET Q) TUENES + 260 T FT [esn enn — ean] €

+ ()2 T T (RY) TR + 4T YT [Tt )ewn — esn) &

+ 371 (t)&r T Fg T (RY) TR E! 4+ 66T T [a(t)ein — esn] &

+ (ho — 72(t2))§) T FYT(Q8) T FYVEY + 26T FYT [ean €20 — e30] &

+ (he = 72(t2)) & T FYT(RY) T FY &) + AT FT [(hy — Ta(t2))e2w — €av] &
+3(ha — ma(t2)) &) T F T (RY) T FYEY + 66T YT [(h — To(t2))ezy — ean] &
+ 1o ()T FYT(QY) TTELEY + 26T YT [esy €10 — e20] &

+ 1o (te) 2T FYT(RY) T FYEY 4+ 48T FYT [ma(ta)ery — es0) &

+ 37 (ta) & Fg T (Ry) T FGEY + 667 Fg T [ma(ta)er, — e50] &

Combining the previous inequality with (24) yield the following condition
for both directions

div(V (2}, (t1, t2), 2}, (1, 12))) < [0 7] {Do + 11 (t1)P1 + T2(t2) D2

h
+7 (t1)27:}sl + T2 (t2)27§} E%]

where @y, &1 and @5 are given as follows
W}L h g,hv
Po ="+ = [ 0 _:% %}3'73}
+91 471’”]
* 0
0w ]
* W3+

q;h
¢1=W1+’Y{L=[ 1

@2472+’)’2v[

with Wy, U1, Wy are given in Theorem 2 and %, 48, v, 78, v& and 3 are
given by the following equations
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Yo = hFT(QY) T ! + m T (RY) TR + 3ha By (RY) TR

78 = ha FYT(Q5) T FY + Wy (RY) ™ Fy + 3ho FyT (Ry) ™' Fy

N =—FT(Q4) " F —2m T (RY) TR — 3 BT (RY) TRy
+ T (Q5) T R + 3K T (RY) T FY

75 = —FYT(Q5) T FY — 2ho FyT (RY) T Fy — 3ho Iy (RY) ™' Fy
+ FYT(Q8) T FY + 3R (RY) TN EY

vy = FT(RY) TR + BT (RY) TR

v =FT(R) T E + FYT(RY) TR

Consider the scalar valued function given by the following equation

h
[EhT &0T] { Do + T1(t1) D1 + T2(t2) P2 + 71 (t1) v + T2(2)?74 } E%]

which can be written as follows

ap + 711 (t1)a11 + 2(t2)ais + T1(t1)2a21 + 7’2(t2)2a22 <0
ao + [11(t1) T2(t2)] [Zij + [1i(t1) 72(t2)] [agl agg] [g&ﬂ =<0
with

ao = & (T +10)E8 + 267 TWEY + €T (W5 + 10)€L

ayy = &7 (W +A0)Er + 280wy

arz = &7 (05 +73)€¢ + 26070 EY

ag = &TARER

agy = &T3EY

Note that the scalar valued function ag+71(t1)a11 +72(t2)ae +72(t1)az: +

73(ta)azz is a quadratic function on the scalars 71 (t1) and T2(t2). The coeffi-
cients of second order are F3T (RM) 1 Fr+FM (R =IFr > 0 and F3T(RY) 1 Fy+
FYT(RY)TIFY > 0 since R} = 0 and RY = 0. Thus, the function ag +
T1(t1)a11 + Ta(te)arz + 71(t1)%az1 + m2(t2)?age is a convex quadratic function

Of’l'l(tl) and Tg(tg),
Applying lemma 1, we get

{@o + 11 (t1)P1 + T2(t2) P2 + 11 (t1)*E + T2(t2)27§}n(t1):0 and  ma(ta)=0 <0
{@o + 11 (t1)P1 + 72(t2) P2 + 11 (t1)*E + T2(t2)27§}n(t1):h1 and  ra(ta)=hy 0
{@o + 11 (t1)P1 + T2(t2) P2 + 11 (t1)*E + T2(t2)27§}ﬁ(t1)=h1 and  ma(ta)=0 =0
{@o +711(t1)P1 + 72(t2) Py + 11 (t1)*% + 72 (t2)2’7§}ﬁ(t1)20 and  ma(ta)=hy =0

(25)
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which implies that
W(t,t2) = B + 11 (t1) D1 + T2(t2)P2 + 71 (t1)%v) + T2 (t2)?5 <0,
V’ﬁ(tl) S [0, hl] and VTQ(tQ) S [O,hg]

Consequently, we can write

h &
din(V (el 1)t (0, ) < (617 7] Wt ] <0 20

t

which shows that condition (5) of Theorem 1 is satisfied.
Conditions (25) can be written as:

Dy <0 (27)

Py + hy Dy + ha®y + BV + h3ys <0 (28)
Do + hi®y + h3yh <0 (29)

Do + ho®y + h348 <0 (30)

Applying Schur complement to (27), (28), (29) and (30), we get [T < 0
in (9), Iy <0in (10), I's < 0in (11) and I'y < 0 in (12). In order to complete
the proof that the 2D continuous time varying delay system is asymptotically
stable according to Theorem 1, we need to show that, in addition to (26), the
two components of the vector function (4) satisfies conditions (6a) and (6b).
First, for the horizontal direction, Vh(x,}fl (t1,t2)), one can show easily that

V@l (- 2)) > Ain (P") ||2" tl,tg)H .

Similar argument can be applied for V¥ (zf, (t1,-)) and ¢1 can be deduced eas-
ily. To show that the functional V" (z} (-, tg)) given by equation (22) has an
upper bound, let us consider for instance V{"(z} (-,12)) which can be bounded
as follows:

V(g (- t2)) = [ " (ty,ts) fttll_h T(s, tg)ds} ph [ h(t1,t2) ]

t1 —h1 (Sat2)d8

t1 t1
< Anaz(P™) {th(tl, to)a" (t1,t2) —|—/ 2" (s, tg)ds/ xh(s,tg)ds}
¢ ¢

1—h1 1—h1

t
§>\maz Ph {Hx tl;tQ H +h1/ 1 th(SatQ)xh(SﬂtQ)dS}
t1—h1
thanks to lemma 1 in [32]
< Nonan (P2 {Ja(01,12) 12 o (2]

< c91 ||QC?1 (-,tg)”cl with Co1 = (1 + h?))\mam(Ph)
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Consider now a component of V"(x} (-,t2)) containing a derivative such as
V(2 (-, t2)) which can be bounded as follows:

t1
(hl —t1 + S)QihT(S, tQ)R}ll.fh(S, tQ)dS

Vil () = |

t1—h1

t1
< h?Anmw(R?)J/ (s, t2) ds
t1—h1

2
9
[COXE

<o ([l ow)[2)  with a5 = B A (RY)

< W3 Amau (R})

Thus, performing similar operations on the other terms of V" (xfl(~,t2)) and
those of V(xy,(t1,-)), one can deduce easily that there exists a co € Ry such
as the upper bound in conditions (6a) and (6b) is satisfied. Therefore, since
Vil (-,t2)) and VP (z},(t1,-)) satisfy the conditions of Theorem 1, the 2D
continuous time varying delay system is asymptotically stable.

This completes the proof.

Appendix 3: Proof of Theorem 3

The system (1) can be written as

i (t1,t2) = AREl + Apo&) + Bu,wl(ty, to) (31)
i(t1, o) = AvEd + A€l + Bu,w(t, t2)
Z(tl,tQ) = Hll‘h(tl,tg) + ngﬂ(tl,tQ) + Lw(tl,tg)
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Similar to the proof given for the Theorem 2, one gets

div(V (wl (1, t2), 2, (t1,£2))) < 2607 [AT e1n — ean] P [e1n ean + esn] &)
+ €07 [ern exn] QY [ern ean]” €
— &7 (1 —dy) [ern e2n] QY [exn €2h]T§f
+ 2607 [A] eon] QF [r1(t1)ern €5h]T€th
+ &7 [ern e1n] QF [ewn €1h]T§f
— &7 [ean esn] Q% [ewn ean]” &)
+ ho&]" leon AL,] QY [eon Afhf'fth
+h3E T AL Ry Aung!
+ 267 [hi AT eon] Q5 [ern ean + esh]Tﬁf
+ €™ [ewn AT] Q) [ewn AT]" &
+RET AL, RY A&l + hIEET AL RY AL
+ W AT Ry AR + 26T YT [ean ean — ean] &
+ & T AL, Ry Ano€y + W€y T A, RY Ao &
+ 28" [AT €1, — e30] PV [e10 €40 + €5v]T§f
+ &7 [e1v e10] QY [e1o €1y]T€f
+ & [eon AL, QY [eon AT)" &
— &7 (1 — do) [e10 €20] QY [e10 €2y]T€f
+ 2877 [AT e0,] QY [2(t2)erw €5U]T§f
+ &7 [erw e10] QY [ero €1y]T€ZJ
— &7 [ef, €3,] Q5 [ero e30] &
+ 2607 [h2 AT e00] QY [e10 v + e50) " &)
+hag" [er AT] Q4 [en AT] €7
+h3g T AT RYAE + h3gT AL R AL

+ 25;}TFiUT [641) €2y — 6311] f;}
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+ hiwT [eow BT ] Qb [eow BT ]  w

+ hiw” BY Ry B,,w + hiw” BY Rb B, w

+ how” [eow BL] Q3 [eow BL]" w

+ h3w” B, RYB,,w+ hjw” Bl RYB,,w

+ 260" [e1n ean + esn] P [AT GO«JT&U

+260T [ (h)ewn e5h} QU (AL, eou]” €&

+ 20T [ern AT) Qb [eow AL,)" € + 203607 AT RY Ao
+ 2R3 AL Ry Apof

+ 268" [AT, eon] PY [e1v €av + €5U]T &

+ 2607 [ha AT, eon] Q% [er1v €4 + €5y]T€f

+2h26!" [eon AT,] Q4 [ern AT]" &

+ 2h26MT AT, RV A &0 + 2h3elT AT, RS A, €7

+ 2607 [haern ean + esn] Q [AT, eOv} &

+ 2607 [AL eon] QY [m2(t2)ers €5y] &

+ 26T [e1n ean + esn] P [BT, €]’ w

+ 26" [r1(t1)ern esn) QY [BY €0w]Tw

+ 2607 [hiern, ean + 65}@ Q% [BL €0w]Tw
+ 20 EPT [ean AT] QB [eow BT ]  w

+ 22T ATRY B, w + 2h3¢ T AT REB,, w
+ 209607 [ern AT,] QY [eow BT  w

+ 2h3€MT AT, RYB,,,w + 2h3¢MT AT, RYB,,,w
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+211E07 [eow AT QP [eow BE )" w + 21360 T AL, RI Buyw + 203¢/T AT RE B, w
+ 2677 le10 €4y + €50 P [BL, eOW]Tw + 2677 [T2(t2)e1v €s0] QY [BL, eOw}Tw
+ 2607 [haery eaw + €50] QY [BE, €]’ w + 20987 [eow AT] Q4 [e0w BL]" w
+ 202" ATRY B, ,w + 2036/ T AT R B, 0
+ (= ()T FIT(QF) T !
+ (b — i (t0)) TP (R TP €Y + 46T R [(hl —71(t1))ean — €4h] &
+3(h1 — i (0)rT T (RY) T FRE! + 66T BT [(ha — Ti(t1))ean — ean] €
+ ()& FIT(QY) T ERE! + 26T FRT [esn en — ean] &
+r(t)* T ERT(RY) TG + AT FT [ma(t)enn — esn] €
+ 37 (t)g T F T (RY) TG + 66 TEYT [mi(t)ern — esn] &
+ (ha — a(ta))&; T FYT(Q5) T FYEY
+ (ha = 72(t2))? & T 3T (RY) T FS & + 46T FST [(he — ma(t2))ezw — ean) &F
+3(hg — 2(t2))6) T 3T (RS) T FYEY + 66T FyT [(ha — mo(t2))ezy — eay] &
+ 1o (t2) T FYT(QY) TTEYEY + 26T FYT [esy e1v — €20 &
+ 7o(ta) 2T YT (RY) T FYEY + 46T FYT [ma(ta)ery — eso) &
+ 37 (t2) & T FY T (Ry) T RS + 66T T [ra(t)ery — esu] &
Computing 2T (t1,t2)2(t1,t2) — V?wT (t1, t2)w(t1,t2), we have
2Tt t)2(t, o) — YW (t, to)w(ty, o) = &M Hi &) + & Half
+ Tl Lw — VQwT(tl, to)w(ty,t2)

with Hy = diag {Hf Hi 0 0 0 0} and Hy =diag{HJH> 0 0 0 0}

Thus, we have

div(V (2} (t1, t2), 2y, (t1,t2))) + 27 (t1, t2)z(t1, t2) — Y°w” (t1,t2)w(t1, t2) <O

(32)
which is equivalent to the following inequality
Hy 0 0 p
dZU(V(ﬂC?l (tlv t2)7 ﬂ?fz (tlv t2))) + [ng g;)T O‘)T] * H2 0 Ef <0
* x LTL—~2I| |w
(33)

Thus, we have

h
t

(€T &7 WT| {To + m(t) 11 + ma(t2) Do + 71 (t) % + 72(t2)®¥5 ) | &7 <O
w
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where Iy, I't and I3 are given by the following equations :

In=2+v,In=Z1+7,I2 =52+

with =y, =1 and =2 are given in Theorem 3 and 7y, V1, Y2, fyg and 3 are
given previously in the proof of theorem 2.

As in the proof of Theorem 2, by using lemma 1 and Schur complement,
one gets the LMIs given in Theorem 3.

For a prescribed scalar v = 0, the performance indez is defined as

/ / Tty t2)2(t1, ta) — 2w (t1, ta)w(ty, t2))dtydts

When w(ty,t2) = 0, (32) means div(V (2}, (t1,t2), 2%, (t1,t2))) < 0, therefore
the system (31) is asymptotically stable in the case of w(t1,t2) = 0.

When w(t1,t2) # 0, integrating twice both sides of (32) from 0 to co and
from 0 to oo yields :

/ / tl, tg (tl, tg) - ’waT(tl, tg)w(tl, tg)] dtldtg (34)
7/0 /O div(V (2 (t1, t2), @y, (t1, t2)))dt1dts (35)

From (5), it can be obtained that :

oo 0 GV (ah (ty,t
/ / div(V (2] (tr, t), &, (t1, 12)))dty by = / / Z“ W2 (t 1)) oy oy,
0 0

o0 > 8V” l‘t tl,tQ))
— 2 " dtydt
I L vty

+

Then, the inequatilty (34) can be written as :

ovh( ztl (t1,t2))
[, ,

VY (z (t1,t
/ / (i, 2))dt2dt1+J<0
Oto

/0 [Vh(actl(oo,tg)) Vh(xtl(O,tg))} dts
+ /00 [V”(:c}f2 (t1,00)) = V(xt, (tl,O))} dti +J <0
0
h(. .h h(. .h V(U
/0 \%4 (I'tl(oo,tg))dtgf/o \%4 (I'tl(o,tg))dt2+/0 V(xy, (t1,00))dty

— / VU(IL';; (tl, 0))dt1 +J<0
0
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Note that under zero initial conditions, we have [;° V" (x} (0,t2))dt2 = 0 and
IS Ve (@, (t1,0))dty = 0 while [V (xl (00, t2))dts > 0
and [ V(a3 (t1,00))dt; > 0

Therefore J < 0 which can be written as

/ / ZT(tl,tQ)Z(tl,tQ)dtldtg < 72wT(t1,tg)w(tl,tg)dtldtg
0 0

That s
lz(t, t2)lly <y llw(ts, t2)ll,

This completes the proof.



