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Below, we find the proofs of Theorem 1, Theorem 2 and Theorem 3 given
on the paper : H∞ performance analysis of 2D continuous time varying delay
systems.

Appendix 1: Proof of Theorem 1

To prove the asymptotic stability, we use similar arguments as [45] from which
we borrow equality (A.2) and using condition (7) we get

∫

t1+t2=t

(

∂V h(xh
t1
(·, t2))

∂t1
+

∂V v(xv
t2
(t1, ·))

∂t2

)

ds =

d

dt

[
∫

t1+t2=t

(

V h(xh

t1
(·, t2)) + V v(xv

t2
(t1, ·))

)

ds

]

−
√
2
(

V h(xh

0 (·, t)) + V v(xv

0(t, ·))
)

< 0

which implies that

d

dt

[
∫

t1+t2=t

(

V h(xh

t1
(·, t2)) + V v(xv

t2
(t1, ·))

)

ds

]

<

√
2
(

V h(xh

0 (·, t)) + V v(xv

0(t, ·))
)

and integrating both sides we get

∫

t1+t2=t

(

V h(xh

t1
(·, t2)) + V v(xv

t2
(t1, ·))

)

ds

<
√
2

∫

t

0

(

V h(xh

0 (·, τ)) + V v(xv

0(τ, ·))
)

dτ

<
√
2c2

∫

T

0

(

‖xh

0 (·, τ)‖2cl + ‖xv

0(τ, ·)‖2cl
)

dτ

< ∞ (17)

with T = max {T1, T2} and ∀t ≥ T . T1 and T2 were introduced in the initial
boundary conditions (2)-(3). With conditions (6a)-(6b) in mind, inequality
(17) above implies that

∫

t1+t2=t

(

∥

∥xh(t1, t2)
∥

∥

2
+ ‖xv(t1, t2)‖2

)

ds < ∞

which implies necessarily that

lim
(t1+t2)=t→∞

(

∥

∥xh(t1, t2)
∥

∥

2
+ ‖xv(t1, t2)‖2

)

= 0.
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Appendix 2: Proof of Theorem 2

Lemma 1 For symmetric matrices X0, X1, X2, X3, X4 and a vector ξt, let
f(α1, α2) = ξTt X0ξt + α1ξ

T
t X1ξt + α2ξ

T
t X2ξt + α2

1ξ
T
t X3ξt + α2

2ξ
T
t X4ξt with

X3 ≥ 0 and X4 ≥ 0.















f(α1min, α2min) ≺ 0
f(α1max, α2max) ≺ 0
f(α1max, α2min) ≺ 0
f(α1min, α2max) ≺ 0

⇒ f(α1, α2) ≺ 0 ∀α1 ∈ [α1min, α1max] and α2 ∈ [α2min, α2max]

(18)

Proof
{

f(α1, α2min) ≺ 0
f(α1, α2min) ≺ 0

⇒ f(α1, α2min) ≺ 0 ∀α1 ∈ [α1min, α1max] (19)

For a fixed α2min, the function f(α1, α2min) is a convex quadratic function on

the variable α1 since
d2

dα2
f(α1, α2min) = 2ξTt X3ξt ≥ 0. Similar for α2max, we

have the following expressions

{

f(α1, α2max) ≺ 0
f(α1, α2max) ≺ 0

⇒ f(α1, α2max) ≺ 0 ∀α1 ∈ [α1min, α1max] (20)

Thus, for a fixed α1 ∈ [α1min, α1max], we have
{

f(α1, α2min) ≺ 0
f(α1, α2max) ≺ 0

⇒ f(α1, α2) ≺ 0 ∀α1 ∈ [α1min, α1max] and α2 ∈ [α2min, α2max]

(21)
This completes the proof.

Lemma 2 ([2]) Let W > 0 and g(s) be appropriate dimensional symmet-
ric matrix and vector, respectively. Then, we have the following for all scalar
valued function φ(s) ≥ 0, ∀s ∈ [t1, t2]

(i)

−
∫ t2

t1

φ(s)gT (s)Wg(s)ds ≤ γ1ξ
T

t F
T

1 W−1F1ξt + 2ξTt F
T

1 φ(s)g(s)ds,

(ii)

−
∫

t2

t1

φ2(s)gT (s)Wg(s)ds ≤ γ2ξ
T

t
FT

2 W−1F2ξt + 2ξT
t
FT

2 φ(s)g(s)ds,

where matrices F1, F2 and a vector ξt (independent on the integral variable)

are appropriate dimensional arbitary ones, and γ1 =
∫ t2

t1
φ(s)ds, γ2 = t2 −

t1.
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Let us introduce some useful notations for the proof of Theorem 2.

ξh
t
=















xh(t1, t2)
xh(t1 − τ1(t1), t2)
xh(t1 − h1, t2)

∫

t1−τ1(t1)

t1−h1

xh(s, t2)ds
∫

t1

t1−τ1(t1)
xh(s, t2)ds















, ξv
t
=















xv(t1, t2)
xv(t1, t2 − τ2(t2))
xv(t1, t2 − h2)

∫

t2−τ2(t2)

t2−h2

xv(t1, k)dk
∫

t2

t2−τ2(t2)
xv(t1, k)dk















Then, for ω(t1, t2) = 0, the system (8) can be rewritten as follows

ẋh(t1, t2) = Ahξ
h

t +Ahvξ
v

t

ẋv(t1, t2) = Avξ
v

t +Avhξ
h

t

Consider the vector function given by (4) with V h(xh) and V v(xv) are
given by the following equations :

V h(xh

t1
(t1, t2)) = V h

1 (xh

t1
(t1, t2)) + V h

2 (xh

t1
(t1, t2)) + V h

3 (xh

t1
(t1, t2)) (22)

+ V h

4 (xh

t1
(t1, t2)) + V h

5 (xh

t1
(t1, t2)) + V h

6 (xh

t1
(t1, t2))

V v(xv

t2
(t1, t2)) = V v

1 (x
v

t2
(t1, t2)) + V v

2 (x
v

t2
(t1, t2)) + V v

3 (x
v

t2
(t1, t2)) (23)

+ V v

4 (x
v

t2
(t1, t2)) + V v

5 (x
v

t2
(t1, t2)) + V v

6 (x
v

t2
(t1, t2))

where

V h

1 (xh

t1
(t1, t2)) =

[

xhT (t1, t2)
∫ t1

t1−h1

xhT (s, t2)ds
]

P h

[

xh(t1, t2)
∫ t1

t1−h1

xh(s, t2)ds

]

V h

2 (xh

t1
(t1, t2)) =

∫ t1

t1−τ1(t1)

[

xhT (t1, t2) x
hT (s, t2)

]

Qh

1

[

xh(t1, t2)
xh(s, t2)

]

ds

V h

3 (xh

t1
(t1, t2)) =

∫ t1

t1−h1

[

xhT (t1, t2) x
hT (s, t2)

]

Qh

2

[

xh(t1, t2)
xh(s, t2)

]

ds

V h

4 (xh

t1
(t1, t2)) =

∫ t1

t1−h1

(h1 − t1 + s)
[

xhT (s, t2) ẋ
hT (s, t2)

]

Qh

3

[

xh(s, t2)
ẋh(s, t2)

]

ds

V h

5 (xh

t1
(t1, t2)) =

∫

t1

t1−h1

(h1 − t1 + s)2ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

V h

6 (xh

t1
(t1, t2)) =

∫ t1

t1−h1

(h1 − t1 + s)3ẋhT (s, t2)R
h

2 ẋ
h(s, t2)ds

We have similar expressions of the Lyapunov functional V v(xv
t2
(t1, t2)) for the

vertical direction.
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The divergence of V (xh
t1
(·, t2), xv

t2
(t1, ·)) defined by (4) along the trajectories

of the system is given by (5) with

∂V h(xh
t1
(t1, t2))

∂t1
=

∂V h
1 (xh

t1
(t1, t2))

∂t1
+

∂V h
2 (xh

t1
(t1, t2))

∂t1
+

∂V 3h(xh
t1
(t1, t2))

∂t1

+
∂V h

4 (xh
t1
(t1, t2))

∂t1
+

∂V h
5 (xh

t1
(t1, t2))

∂t1
+

∂V 6h(xh
t1
(t1, t2))

∂t1
∂V v(xv

t2
(t1, t2))

∂t2
=

∂V v
1 (x

v
t2
(t1, t2))

∂t2
+

∂V v
2 (x

v
t2
(t1, t2))

∂t2
+

∂V 3v(xv
t2
(t1, t2))

∂t2

+
∂V v

4 (x
v
t2
(t1, t2))

∂t2
+

∂V v
5 (x

v
t2
(t1, t2))

∂t2
+

∂V 6v(xv
t2
(t1, t2))

∂t2

Because of the similarities between the two dimensions, we will develop the
calculations only in the horizontal dimension. Computing the derivative of
V h

i
(xh

t1
(t1, t2)), i = 1, ...6, we have :

∂V h
1 (xh

t1
(t1, t2))

∂t1
= 2

d

dt1

[

xhT (t1, t2)
∫

t1

t1−h1

xhT (s, t2)ds
]

P h

[

xh(t1, t2)
∫

t1

t1−h1

xh(s, t2)ds

]

= 2

[

ẋhT (t1, t2)
d

dt1

∫ t1

t1−h1

xhT (s, t2)ds

]

P h

[

xh(t1, t2)
∫ t1

t1−h1

xh(s, t2)ds

]

= 2
[

ẋhT (t1, t2) x
hT (t1, t2)− xhT (t1 − h1, t2)

]

P h

[

xh(t1, t2)
∫

t1

t1−h1

xh(s, t2)ds

]

∂V h
1 (xh

t1
(t1, t2))

∂t1
= 2ξhTt

[

AT

h
e1h − e3h

]

P h
[

e1h e4h + e5h
]T

ξht

+ 2ξhT
t

[

e1h e4h + e5h
]

P h
[

AT

hv
e0v
]T

ξv
t

∂V h
2 (xh

t1
(t1, t2))

∂t1
=

d

dt1

∫

t1

t1−τ1(t1)

[

xhT (t1, t2) x
hT (s, t2)

]

Qh

1

[

xh(t1, t2)
xh(s, t2)

]

ds

=
[

xhT (t1, t2) x
hT (t1, t2)

]

Qh

1

[

xh(t1, t2)
xh(t1, t2)

]

− (1− τ̇1(t1))
[

xhT (t1, t2) x
hT (t1 − τ1(t1), t2)

]

Qh

1

[

xh(t1, t2)
xh(t1 − τ1(t1), t2)

]

+ 2

∫ t1

t1−τ1(t1)

[

ẋhT (t1, t2)
∂

∂t1
xhT (s, t2)

]

Qh

1

[

xh(t1, t2)
xh(s, t2)

]

ds

∂V h
2 (xh

t1
(t1, t2))

∂t1
= ξhTt

[

e1h e1h
]

Qh

1

[

e1h e1h
]T

ξht

− ξhT
t

(1− τ̇1(t1))
[

e1h e2h
]

Qh

1

[

e1h e2h
]T

ξh
t

+ 2ξhT
t

[

AT

h
e0h
]

Qh

1

[

τ1(t1)e1h e5h
]T

ξh
t

+ 2ξhT
t

[

τ1(t1)e1h e5h
]

Qh

1

[

AT

hv
e0v
]T

ξv
t
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∂V h
3 (xh

t1
(t1, t2))

∂t1
=

d

dt1

∫

t1

t1−h1

[

xhT (t1, t2) x
hT (s, t2)

]

Qh

2

[

xh(t1, t2)
xh(s, t2)

]

ds

=
[

xhT (t1, t2) x
hT (t1, t2)

]

Qh

2

[

xh(t1, t2)
xh(t1, t2)

]

−
[

xhT (t1, t2) x
hT (t1 − h1, t2)

]

Qh

2

[

xh(t1, t2)
xh(t1 − h1, t2)

]

+ 2

∫

t1

t1−h1

[

ẋhT (t1, t2)
∂

∂t1
xhT (s, t2)

]

Qh

2

[

xh(t1, t2)
xh(s, t2)

]

ds

∂V h
3 (xh

t1
(t1, t2))

∂t1
= ξhT

t

[

e1h e1h
]

Qh

2

[

e1h e1h
]T

ξh
t

− ξhT
t

[

e1h e3h
]

Qh

2

[

e1h e3h
]T

ξh
t

+ 2ξhT
t

[

AT

h
eT0h
]

Qh

2

[

h1e1h e4h + e5h
]T

ξh
t

+ 2ξhT
t

[

h1e1h e4h + e5h
]

Qh

2

[

AT

hv
e0v
]T

ξv
t

∂V h
4 (xh

t1
(t1, t2))

∂t1
=

d

dt1

∫

t1

t1−h1

(h1 − t1 + s)
[

xhT (s, t2) ẋ
hT (s, t2)

]

Qh

3

[

xh(t1, t2)
ẋh(s, t2)

]

ds

= h1

[

xhT (t1, t2) ẋ
hT (t1, t2)

]

Qh

3

[

xh(t1, t2)
ẋh(t1, t2)

]

+

∫ t1

t1−h1

∂

∂t1

{

(h1 − t1 + s)
[

xhT (s, t2) ẋ
hT (s, t2)

]

Qh

3

[

xh(s, t2)
ẋh(s, t2)

]}

ds

∂V h
4 (xh

t1
(t1, t2))

∂t1
= h1ξ

hT

t

[

e1h AT

h

]

Qh

3

[

e1h AT

h

]T
ξh
t

+ h1ξ
vT

t

[

e0v AT

hv

]

Qh

3

[

e0v AT

hv

]T
ξvt

+ 2h1ξ
hT

t

[

e1h AT

h

]

Qh

3

[

e0v AT

hv

]T
ξvt

−
∫

t1

t1−h1

ζhT
[

J1 J2
]

Qh

3

[

J1 J2
]T

ζhds
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∂V h
5 (xh

t1
(t1, t2))

∂t1
=

d

dt1

∫

t1

t1−h1

(h1 − t1 + s)2ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

= h2
1ẋ

hT (t1, t2)R
h

1 ẋ
h(t1, t2)

− 2

∫

t1

t1−h1

(h1 − t1 + s)ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

∂V h
5 (xh

t1
(t1, t2))

∂t1
= h2

1ξ
hT

t
AT

h
Rh

1Ahξ
h

t
+ h2

1ξ
vT

t
AT

hv
Rh

1Ahvξ
v

t

+ 2h2
1ξ

hT

t
AT

h
Rh

1Ahvξ
v

t

− 2

∫ t1

t1−h1

(h1 − t1 + s)ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

∂V h
6 (xh

t1
(t1, t2))

∂t1
=

d

dt1

∫ t1

t1−h1

(h1 − t1 + s)3ẋhT (s, t2)R
h

2 ẋ
h(s, t2)ds

= h3
1ẋ

hT (t1, t2)R
h

2 ẋ
h(t1, t2)

− 3

∫ t1

t1−h1

(h1 − t1 + s)2ẋhT (s, t2)R
h

2 ẋ
h(s, t2)ds

∂V h
6 (xh

t1
(t1, t2))

∂t1
= h3

1ξ
hT

t AT

hR
h

2Ahξ
h

t + h3
1ξ

vT

t AT

hvR
h

2Ahvξ
v

t

+ 2h3
1ξ

hT

t AT

hR
h

2Ahvξ
v

t

− 3

∫

t1

t1−h1

(h1 − t1 + s)2ẋhT (s, t2)R
h

2 ẋ
h(s, t2)ds
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div(V (xh

t1
(t1, t2), x

v

t2
(t1, t2))) = 2ξhT

t

[

AT

h
e1h − e3h

]

P h
[

e1h e4h + e5h
]T

ξh
t

+ 2ξhT
t

[

e1h e4h + e5h
]

P h
[

AT

hv
e0v
]T

ξv
t

+ ξhTt
[

e1h e1h
]

Qh

1

[

e1h e1h
]T

ξht

− ξhTt (1− τ̇1(t1))
[

e1h e2h
]

Qh

1

[

e1h e2h
]T

ξht

+ 2ξhTt
[

AT

h
e0h
]

Qh

1

[

τ1(t1)e1h e5h
]T

ξht

+ 2ξhTt
[

τ1(t1)e1h e5h
]

Qh

1

[

AT

hv
e0v
]T

ξvt

+ ξhT
t

[

e1h e1h
]

Qh

2

[

e1h e1h
]T

ξh
t

− ξhT
t

[

e1h e3h
]

Qh

2

[

e1h e3h
]T

ξh
t

+ 2ξhT
t

[

h1A
T

h
e0h
]

Qh

2

[

e1h e4h + e5h
]T

ξh
t

+ 2ξhT
t

[

h1e1h e4h + e5h
]

Qh

2

[

AT

hv
e0v
]T

ξv
t

+ h1ξ
hT

t

[

e1h AT

h

]

Qh

3

[

e1h AT

h

]T
ξht

+ h1ξ
vT

t

[

e0v AT

hv

]

Qh

3

[

e0v AT

hv

]T
ξvt

+ 2h1ξ
hT

t

[

e1h AT

h

]

Qh

3

[

e0v AT

hv

]T
ξvt

+ h2
1ξ

hT

t
AT

h
Rh

1Ahξ
h

t
+ h2

1ξ
vT

t
AT

hv
Rh

1Ahvξ
v

t

+ 2h2
1ξ

hT

t
AT

h
Rh

1Ahvξ
v

t

+ h3
1ξ

hT

t AT

hR
h

2Ahξ
h

t + h3
1ξ

vT

t AT

hvR
h

2Ahvξ
v

t

+ 2h3
1ξ

hT

t AT

hR
h

2Ahvξ
v

t

+ 2ξvTt
[

AT
v e1v − e3v

]

P v
[

e1v e4v + e5v
]T

ξvt

+ 2ξhT
t

[

AT

vh
e0h
]

P v
[

e1v e4v + e5v
]T

ξv
t

+ ξvT
t

[

e1v e1v
]

Qv

1

[

e1v e1v
]T

ξv
t

− ξvT
t

(1− τ̇2(t2))
[

e1v e2v
]

Qv

1

[

e1v e2v
]T

ξv
t

+ 2ξvTt
[

AT
v
e0v
]

Qv

1

[

τ2(t2)e1v e5v
]T

ξvt

+ 2ξhTt
[

AT

vh
e0h
]

Qv

1

[

τ2(t2)e1v e5v
]T

ξvt

+ ξvTt
[

e1v e1v
]

Qv

2

[

e1v e1v
]T

ξvt

− ξvTt
[

eT1v eT3v
]

Qv

2

[

e1v e3v
]

ξvt

+ 2ξvTt
[

h2A
T
v e0v

]

Qv

2

[

e1v e4v + e5v
]T

ξvt

+ 2ξhT
t

[

h2A
T

vh
e0h
]

Qv

2

[

e1v e4v + e5v
]T

ξv
t

+ h2ξ
vT

t

[

e1v AT
v

]

Qv

3

[

e1v AT
v

]T
ξv
t

+ h2ξ
hT

t

[

e0h AT

vh

]

Qv

3

[

e0h AT

vh

]T
ξh
t

+ 2h2ξ
hT

t

[

e0h AT

vh

]

Qv

3

[

e1v AT
v

]T
ξv
t
+ h2

2ξ
vT

t
AT

v
Rv

1Avξ
v

t

+ h2
2ξ

hT

t AT

vhR
v

1Avhξ
h

t

+ 2h2
2ξ

hT

t AT

vhR
v

1Avξ
v

t

+ h3
2ξ

vT

t
AT

v
Rv

2Avξ
v

t
+ h3

2ξ
hT

t
AT

vh
Rh

2Avhξ
h

t

+ 2h3
2ξ

hT

t
AT

vh
Rv

2Avξ
v

t
+ Va(x

h

t1
(t1, t2), x

v

t2
(t1, t2))

(24)
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where Va(x
h
t1
(t1, t2), x

v
t2
(t1, t2)) represent the sum of integral terms expressed

by the following expression:

Va(x
h

t1
(t1, t2), x

v

t2
(t1, t2)) =−

∫

t1

t1−h1

ζhT
[

JT
1 JT

2

]

Qh

3

[

J1
J2

]

ζhds

− 2

∫ t1

t1−h1

(h1 − t1 + s)ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

− 3

∫

t1

t1−h1

(h1 − t1 + s)2ẋhT (s, t2)R
h

2 ẋ
h(s, t2)ds

−
∫

t2

t2−h2

ζvT
[

JT
1 JT

2

]

Qv

3

[

J1
J2

]

ζvdk

− 2

∫ t2

t2−h2

(h2 − t2 + k)ẋvT (t1, k)R
v

1ẋ
v(t1, k)dk

− 3

∫

t2

t2−h2

(h2 − t2 + k)2ẋvT (t1, k)R
v

2ẋ
v(t1, k)dk

where ζT (s, t2) =
[

xT (s, t2) ẋ(s, t2)
]

and ζT (t1, k) =
[

xT (t1, k) ẋ(t1, k)
]

.

Va(x
h

t1
(t1, t2), x

v

t2
(t1, t2)) ≤ −

∫ t1−τ1(t1)

t1−h1

{

ζhT
[

JT
1 JT

2

]

Qh

3

[

J1
J2

]

ζhds

+2(h1 − t1 + s)ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

+3(h1 − t1 + s)2ẋhT (s, t2)R
h

2 ẋ
h(s, t2)ds

}

−
∫ t1

t1−τ1(t1)

{

ζhT
[

JT
1 JT

2

]

Qh

3

[

J1
J2

]

ζhds

+2(τ1(t1)− t1 + s)ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

+3(τ1(t1)− t1 + s)2ẋhT (s, t2)R
h

2 ẋ
h(s, t2)ds

}

−
∫ t2−τ2(t2)

t2−h2

{

ζvT
[

JT
1 JT

2

]

Qv

3

[

J1
J2

]

ζvdk

+2(h2 − t2 + k)ẋvT (t1, k)R
v

1ẋ
v(t1, k)dk

+3(h2 − t2 + k)2ẋvT (t1, k)R
v

2ẋ
v(t1, k)dk

}

−
∫

t2

t2−τ2(t2)

{

ζvT
[

JT
1 JT

2

]

Qv

3

[

J1
J2

]

ζvdk

+2(τ2(t2)− t2 + k)ẋvT (t1, k)R
v

1ẋ
v(t1, k)dk

+3(τ2(t2)− t2 + k)2ẋvT (t1, k)R
v

2 ẋ
v(t1, k)dk

}

= V̂a(x
h

t1
(t1, t2), x

v

t2
(t1, t2))

Using −(h1 − t1 + s) ≤ −(τ1(t1) − t1 + s)∀s ∈ [t1 − τ1(t1), t1] and −(h2 −
t2 + k) ≤ −(τ2(t2) − t2 + k)∀k ∈ [t2 − τ2(t2), t2] and using the property of
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a quadratic convex function and upper bounds of the integrals of quadratic
multiplied by scalar functions for both horizontal and vertical directions. Thus,
we apply lemma 2 and we have

V̂a(x
h

t1
(t1, t2), x

v

t2
(t1, t2)) ≤ (h1 − τ1(t1))ξ

hT

t FhT

1 (Qh

3 )
−1Fh

1 ξ
h

t

+ 2ξhT
t

FhT

1

[

e4h e2h − e3h
]

ξh
t

+ (h1 − τ1(t1))
2ξhT

t
FhT

2 (Rh

1 )
−1Fh

2 ξ
h

t
+ 4ξhT

t
FhT

2

[

(h1 − τ1(t1))e2h − e4h
]

ξh
t

+ 3(h1 − τ1(t1))ξ
hT

t FhT

3 (Rh

2 )
−1Fh

3 ξ
h

t + 6ξhTt FhT

3

[

(h1 − τ1(t1))e2h − e4h
]

ξht

+ τ1(t1)ξ
hT

t FhT

4 (Qh

3 )
−1Fh

4 ξ
h

t + 2ξhTt FhT

4

[

e5h e1h − e2h
]

ξht

+ τ1(t1)
2ξhT

t
FhT

5 (Rh

1 )
−1Fh

5 ξ
h

t
+ 4ξhT

t
FhT

5

[

τ1(t1)e1h − e5h
]

ξh
t

+ 3τ1(t1)ξ
hT

t
FhT

6 (Rh

2 )
−1Fh

6 ξ
h

t
+ 6ξhT

t
FhT

6

[

τ1(t1)e1h − e5h
]

ξh
t

+ (h2 − τ2(t2))ξ
vT

t
F vT

1 (Qv

3)
−1F v

1 ξ
v

t
+ 2ξvT

t
F vT

1

[

e4v e2v − e3v
]

ξv
t

+ (h2 − τ2(t2))
2ξvT

t
F vT

2 (Rv

1)
−1F v

2 ξ
v

t
+ 4ξvT

t
F vT

2

[

(h2 − τ2(t2))e2v − e4v
]

ξv
t

+ 3(h2 − τ2(t2))ξ
vT

t
F vT

3 (Rv

2)
−1F v

3 ξ
v

t
+ 6ξvT

t
F vT

3

[

(h2 − τ2(t2))e2v − e4v
]

ξv
t

+ τ2(t2)ξ
vT

t
F vT

4 (Qv

3)
−1F v

4 ξ
v

t
+ 2ξvT

t
F vT

4

[

e5v e1v − e2v
]

ξv
t

+ τ2(t2)
2ξvT

t
F vT

5 (Rv

1)
−1F v

5 ξ
v

t
+ 4ξvT

t
F vT

5

[

τ2(t2)e1v − e5v
]

ξv
t

+ 3τ2(t2)ξ
vT

t F vT

6 (Rv

2)
−1F v

6 ξ
v

t + 6ξvTt F vT

6

[

τ2(t2)e1v − e5v
]

ξvt

Combining the previous inequality with (24) yield the following condition
for both directions

div(V (xh

t1
(t1, t2), x

v

t2
(t1, t2))) ≤

[

ξhTt ξvTt
]

{Φ0 + τ1(t1)Φ1 + τ2(t2)Φ2

+τ1(t1)
2γh

3 + τ2(t2)
2γv

3

}

[

ξht
ξv
t

]

where Φ0, Φ1 and Φ2 are given as follows

Φ0 = Ψ0 + γ0 =

[

Ψh
0 + γh

0 Ψhv
0

∗ Ψv
0 + γv

0

]

Φ1 = Ψ1 + γh

1 =

[

Ψh
1 + γh

1 Ψhv
1

∗ 0

]

Φ2 = Ψ2 + γv

2 =

[

0 Ψhv
2

∗ Ψv
2 + γv

2

]

with Ψ0, Ψ1, Ψ2 are given in Theorem 2 and γh
0 , γ

v
0 , γ

h
1 , γ

v
2 , γ

h
3 and γv

3 are
given by the following equations
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γh

0 = h1F
hT

1 (Qh

3 )
−1Fh

1 + h2
1F

hT

2 (Rh

1 )
−1Fh

2 + 3h1F
hT

3 (Rh

2 )
−1Fh

3

γv

0 = h2F
vT

1 (Qv

3)
−1F v

1 + h2
2F

vT

2 (Rv

1)
−1F v

2 + 3h2F
vT

3 (Rv

2)
−1F v

3

γh

1 = −FhT

1 (Qh

3 )
−1Fh

1 − 2h1F
hT

2 (Rh

1 )
−1Fh

2 − 3h1F
hT

3 (Rh

2 )
−1Fh

3

+ FhT

4 (Qh

3 )
−1Fh

4 + 3FhT

6 (Rh

2 )
−1Fh

6

γv

2 = −F vT

1 (Qv

3)
−1F v

1 − 2h2F
vT

2 (Rv

1)
−1F v

2 − 3h2F
vT

3 (Rv

2)
−1F v

3

+ F vT

4 (Qv

3)
−1F v

4 + 3F vT

6 (Rv

2)
−1F v

6

γh

3 = FhT

2 (Rh

1 )
−1Fh

2 + FhT

5 (Rh

1 )
−1Fh

5

γv

3 = F vT

2 (Rv

1)
−1F v

2 + F vT

5 (Rv

1)
−1F v

5

Consider the scalar valued function given by the following equation

[

ξhTt ξvTt
] {

Φ0 + τ1(t1)Φ1 + τ2(t2)Φ2 + τ1(t1)
2γh

3 + τ2(t2)
2γv

3

}

[

ξht
ξvt

]

which can be written as follows

a0 + τ1(t1)a11 + τ2(t2)a12 + τ1(t1)
2a21 + τ2(t2)

2a22 ≺ 0

a0 +
[

τ1(t1) τ2(t2)
]

[

a11
a12

]

+
[

τ1(t1) τ2(t2)
]

[

a21 0
0 a22

] [

τ1(t1)
τ2(t2)

]

≺ 0

with

a0 = ξhTt (Ψh

0 + γh

0 )ξ
h

t + 2ξhTt Ψhv

0 ξvt + ξvTt (Ψv

0 + γv

0 )ξ
v

t

a11 = ξhTt (Ψh

1 + γh

1 )ξ
h

t + 2ξhTt Ψhv

1 ξvt

a12 = ξvT
t

(Ψv

2 + γv

2 )ξ
v

t
+ 2ξhT

t
Ψhv

2 ξv
t

a21 = ξhT
t

γh

3 ξ
h

t

a22 = ξvT
t

γv

3 ξ
v

t

Note that the scalar valued function a0+τ1(t1)a11+τ2(t2)a12+τ21 (t1)a21+
τ22 (t2)a22 is a quadratic function on the scalars τ1(t1) and τ2(t2). The coeffi-
cients of second order are FhT

2 (Rh
1 )

−1Fh
2 +FhT

5 (Rh
1 )

−1Fh
5 ≥ 0 and F vT

2 (Rv
1)

−1F v
2 +

F vT
5 (Rv

1)
−1F v

5 ≥ 0 since Rh
1 ≻ 0 and Rv

1 ≻ 0. Thus, the function a0 +
τ1(t1)a11 + τ2(t2)a12 + τ1(t1)

2a21 + τ2(t2)
2a22 is a convex quadratic function

of τ1(t1) and τ2(t2).
Applying lemma 1, we get



















{

Φ0 + τ1(t1)Φ1 + τ2(t2)Φ2 + τ1(t1)
2γh

3 + τ2(t2)
2γv

3

}

τ1(t1)=0 and τ2(t2)=0
≺ 0

{

Φ0 + τ1(t1)Φ1 + τ2(t2)Φ2 + τ1(t1)
2γh

3 + τ2(t2)
2γv

3

}

τ1(t1)=h1 and τ2(t2)=h2

≺ 0
{

Φ0 + τ1(t1)Φ1 + τ2(t2)Φ2 + τ1(t1)
2γh

3 + τ2(t2)
2γv

3

}

τ1(t1)=h1 and τ2(t2)=0
≺ 0

{

Φ0 + τ1(t1)Φ1 + τ2(t2)Φ2 + τ1(t1)
2γh

3 + τ2(t2)
2γv

3

}

τ1(t1)=0 and τ2(t2)=h2

≺ 0

(25)
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which implies that

W(t1, t2) = Φ0 + τ1(t1)Φ1 + τ2(t2)Φ2 + τ1(t1)
2γh

3 + τ2(t2)
2γv

3 < 0,

∀τ1(t1) ∈ [0, h1] and ∀τ2(t2) ∈ [0, h2].
Consequently, we can write

div(V (xh

t1
(·, t2), xv

t2
(t1, ·))) ≤

[

ξhTt ξvTt
]

W(t1, t2)

[

ξht
ξv
t

]

< 0 (26)

which shows that condition (5) of Theorem 1 is satisfied.
Conditions (25) can be written as:

Φ0 ≺ 0 (27)

Φ0 + h1Φ1 + h2Φ2 + h2
1γ

h

3 + h2
2γ

v

3 ≺ 0 (28)

Φ0 + h1Φ1 + h2
1γ

h

3 ≺ 0 (29)

Φ0 + h2Φ2 + h2
2γ

v

3 ≺ 0 (30)

Applying Schur complement to (27), (28), (29) and (30), we get Γ1 ≺ 0
in (9), Γ2 ≺ 0 in (10), Γ3 ≺ 0 in (11) and Γ4 ≺ 0 in (12). In order to complete
the proof that the 2D continuous time varying delay system is asymptotically
stable according to Theorem 1, we need to show that, in addition to (26), the
two components of the vector function (4) satisfies conditions (6a) and (6b).
First, for the horizontal direction, V h(xh

t1
(t1, t2)), one can show easily that

V h(xh

t1
(·, t2)) ≥ λmin(P

h)
∥

∥xh(t1, t2)
∥

∥

2
.

Similar argument can be applied for V v(xh
t2
(t1, ·)) and c1 can be deduced eas-

ily. To show that the functional V h(xh
t1
(·, t2)) given by equation (22) has an

upper bound, let us consider for instance V h
1 (xh

t1
(·, t2)) which can be bounded

as follows:

V h

1 (xh

t1
(·, t2)) =

[

xhT (t1, t2)
∫ t1

t1−h1

xhT (s, t2)ds
]

P h

[

xh(t1, t2)
∫

t1

t1−h1

xh(s, t2)ds

]

≤ λmax(P
h)

{

xhT (t1, t2)x
h(t1, t2) +

∫

t1

t1−h1

xhT (s, t2)ds

∫

t1

t1−h1

xh(s, t2)ds

}

≤ λmax(P
h)

{

∥

∥xh(t1, t2)
∥

∥

2
+ h1

∫

t1

t1−h1

xhT (s, t2)x
h(s, t2)ds

}

thanks to lemma 1 in [32]

≤ λmax(P
h)
{

∥

∥xh(t1, t2)
∥

∥

2
+ h2

1

∥

∥xh

t1
(·, t2)

∥

∥

2

c

}

≤ c21
∥

∥xh

t1
(·, t2)

∥

∥

2

cl
with c21 = (1 + h2

1)λmax(P
h)
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Consider now a component of V h(xh
t1
(·, t2)) containing a derivative such as

V h
5 (xh

t1
(·, t2)) which can be bounded as follows:

V h

5 (xh

t1
(·, t2)) =

∫

t1

t1−h1

(h1 − t1 + s)2ẋhT (s, t2)R
h

1 ẋ
h(s, t2)ds

≤ h3
1λmax(R

h

1 )

∫ t1

t1−h1

∥

∥ẋh(s, t2)
∥

∥

2
ds

≤ h3
1λmax(R

h

1 )

∥

∥

∥

∥

∥

(

∂

∂t1
xh

)

t1

(·, t2)
∥

∥

∥

∥

∥

2

c

≤ c25

(

∥

∥xh

t1
(·, t2)

∥

∥

2

cl

)

with c25 = h3
1λmax(R

h

1 )

Thus, performing similar operations on the other terms of V h(xh
t1
(·, t2)) and

those of V v(xv
t2
(t1, ·)), one can deduce easily that there exists a c2 ∈ IR+ such

as the upper bound in conditions (6a) and (6b) is satisfied. Therefore, since
V h(xv

t2
(·, t2)) and V v(xv

t2
(t1, ·)) satisfy the conditions of Theorem 1, the 2D

continuous time varying delay system is asymptotically stable.

This completes the proof.

Appendix 3: Proof of Theorem 3

The system (1) can be written as

ẋh(t1, t2) = Ahξ
h

t +Ahvξ
v

t +Bω1
ω(t1, t2) (31)

ẋv(t1, t2) = Avξ
v

t
+ Avhξ

h

t
+Bω2

ω(t1, t2)

z(t1, t2) = H1x
h(t1, t2) +H2x

v(t1, t2) + Lω(t1, t2)
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Similar to the proof given for the Theorem 2, one gets

div(V (xh

t1
(t1, t2), x

v

t2
(t1, t2))) ≤ 2ξhT

t

[

AT

h
e1h − e3h

]

P h
[

e1h e4h + e5h
]T

ξh
t

+ ξhT
t

[

e1h e1h
]

Qh

1

[

e1h e1h
]T

ξh
t

− ξhT
t

(1− d1)
[

e1h e2h
]

Qh

1

[

e1h e2h
]T

ξh
t

+ 2ξhT
t

[

AT

h
e0h
]

Qh

1

[

τ1(t1)e1h e5h
]T

ξh
t

+ ξhTt
[

e1h e1h
]

Qh

2

[

e1h e1h
]T

ξht

− ξhTt
[

e1h e3h
]

Qh

2

[

e1h e3h
]T

ξht

+ h2ξ
hT

t

[

e0h AT

vh

]

Qv

3

[

e0h AT

vh

]T
ξht

+ h2
2ξ

hT

t
AT

vh
Rv

1Avhξ
h

t

+ 2ξhT
t

[

h1A
T

h
e0h
]

Qh

2

[

e1h e4h + e5h
]T

ξh
t

+ h1ξ
hT

t

[

e1h AT

h

]

Qh

3

[

e1h AT

h

]T
ξh
t

+ h3
2ξ

hT

t AT

vhR
h

2Avhξ
h

t + h2
1ξ

hT

t AT

hR
h

1Ahξ
h

t

+ h3
1ξ

hT

t AT

hR
h

2Ahξ
h

t + 2ξhTt FhT

1

[

e4h e2h − e3h
]

ξht

+ h2
1ξ

vT

t
AT

hv
Rh

1Ahvξ
v

t
+ h3

1ξ
vT

t
AT

hv
Rh

2Ahvξ
v

t

+ 2ξvT
t

[

AT
v
e1v − e3v

]

P v
[

e1v e4v + e5v
]T

ξv
t

+ ξvT
t

[

e1v e1v
]

Qv

1

[

e1v e1v
]T

ξv
t

+ h1ξ
vT

t

[

e0v AT

hv

]

Qh

3

[

e0v AT

hv

]T
ξvt

− ξvTt (1− d2)
[

e1v e2v
]

Qv

1

[

e1v e2v
]T

ξvt

+ 2ξvTt
[

AT
v e0v

]

Qv

1

[

τ2(t2)e1v e5v
]T

ξvt

+ ξvTt
[

e1v e1v
]

Qv

2

[

e1v e1v
]T

ξvt

− ξvTt
[

eT1v eT3v
]

Qv

2

[

e1v e3v
]

ξvt

+ 2ξvT
t

[

h2A
T
v
e0v
]

Qv

2

[

e1v e4v + e5v
]T

ξv
t

+ h2ξ
vT

t

[

e1v AT
v

]

Qv

3

[

e1v AT
v

]T
ξv
t

+ h2
2ξ

vT

t
AT

v
Rv

1Avξ
v

t
+ h3

2ξ
vT

t
AT

v
Rv

2Avξ
v

t

+ 2ξvTt F vT

1

[

e4v e2v − e3v
]

ξvt
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+ h1ω
T
[

e0ω BT
ω1

]

Qh

3

[

e0ω BT
ω1

]T
ω

+ h2
1ω

TBT

ω1
Rh

1Bω1
ω + h3

1ω
TBT

ω1
Rh

2Bω1
ω

+ h2ω
T
[

e0ω BT
ω2

]

Qv

3

[

e0ω BT
ω2

]T
ω

+ h2
2ω

TBT

ω2
Rv

1Bω2
ω + h3

2ω
TBT

ω2
Rv

2Bω2
ω

+ 2ξhTt
[

e1h e4h + e5h
]

P h
[

AT

hv
e0v
]T

ξvt

+ 2ξhTt
[

τ1(t1)e1h e5h
]

Qh

1

[

AT

hv
e0v
]T

ξvt

+ 2h1ξ
hT

t

[

e1h AT

h

]

Qh

3

[

e0v AT

hv

]T
ξvt + 2h2

1ξ
hT

t AT

hR
h

1Ahvξ
v

t

+ 2h3
1ξ

hT

t
AT

h
Rh

2Ahvξ
v

t

+ 2ξhT
t

[

AT

vh
e0h
]

P v
[

e1v e4v + e5v
]T

ξv
t

+ 2ξhT
t

[

h2A
T

vh
e0h
]

Qv

2

[

e1v e4v + e5v
]T

ξv
t

+ 2h2ξ
hT

t

[

e0h AT

vh

]

Qv

3

[

e1v AT
v

]T
ξv
t

+ 2h2
2ξ

hT

t AT

vhR
v

1Avξ
v

t + 2h3
2ξ

hT

t AT

vhR
v

2Avξ
v

t

+ 2ξhTt
[

h1e1h e4h + e5h
]

Qh

2

[

AT

hv
e0v
]T

ξvt

+ 2ξhT
t

[

AT

vh
e0h
]

Qv

1

[

τ2(t2)e1v e5v
]T

ξv
t

+ 2ξhT
t

[

e1h e4h + e5h
]

P h
[

BT
ω1

e0ω
]T

ω

+ 2ξhT
t

[

τ1(t1)e1h e5h
]

Qh

1

[

BT
ω1

e0ω
]T

ω

+ 2ξhT
t

[

h1e1h e4h + e5h
]

Qh

2

[

BT
ω1

e0ω
]T

ω

+ 2h1ξ
hT

t

[

e1h AT

h

]

Qh

3

[

e0ω BT
ω1

]T
ω

+ 2h2
1ξ

hT

t AT

hR
h

1Bω1
ω + 2h3

1ξ
hT

t AT

hR
h

2Bω1
ω

+ 2h2ξ
hT

t

[

e1h AT

vh

]

Qv

3

[

e0ω BT
ω2

]T
ω

+ 2h3
2ξ

hT

t
AT

vh
Rv

2Bω2
ω + 2h3

2ξ
hT

t
AT

vh
Rv

2Bω2
ω
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+ 2h1ξ
vT

t

[

e0v AT

hv

]

Qh

3

[

e0ω BT
ω1

]T
ω + 2h2

1ξ
vT

t
AT

hv
Rh

1Bω1
ω + 2h3

1ξ
vT

t
AT

hv
Rh

2Bω1
ω

+ 2ξvT
t

[

e1v e4v + e5v
]

P v
[

BT
ω2

e0ω
]T

ω + 2ξvT
t

[

τ2(t2)e1v e5v
]

Qv

1

[

BT
ω2

e0ω
]T

ω

+ 2ξvT
t

[

h2e1v e4v + e5v
]

Qv

2

[

BT
ω2

e0ω
]T

ω + 2h2ξ
vT

t

[

e0v AT
v

]

Qv

3

[

e0ω BT
ω2

]T
ω

+ 2h2
2ξ

vT

t
AT

v
Rv

1Bω2
ω + 2h3

2ξ
vT

t
AT

v
Rv

2Bω2
ω

+ (h1 − τ1(t1))ξ
hT

t FhT

1 (Qh

3 )
−1Fh

1 ξ
h

t

+ (h1 − τ1(t1))
2ξhTt FhT

2 (Rh

1 )
−1Fh

2 ξ
h

t + 4ξhTt FhT

2

[

(h1 − τ1(t1))e2h − e4h
]

ξht

+ 3(h1 − τ1(t1))ξ
hT

t
FhT

3 (Rh

2 )
−1Fh

3 ξ
h

t
+ 6ξhT

t
FhT

3

[

(h1 − τ1(t1))e2h − e4h
]

ξh
t

+ τ1(t1)ξ
hT

t
FhT

4 (Qh

3 )
−1Fh

4 ξ
h

t
+ 2ξhT

t
FhT

4

[

e5h e1h − e2h
]

ξh
t

+ τ1(t1)
2ξhTt FhT

5 (Rh

1 )
−1Fh

5 ξ
h

t + 4ξhTt FhT

5

[

τ1(t1)e1h − e5h
]

ξht

+ 3τ1(t1)ξ
hT

t FhT

6 (Rh

2 )
−1Fh

6 ξ
h

t + 6ξhTt FhT

6

[

τ1(t1)e1h − e5h
]

ξht

+ (h2 − τ2(t2))ξ
vT

t F vT

1 (Qv

3)
−1F v

1 ξ
v

t

+ (h2 − τ2(t2))
2ξvTt F vT

2 (Rv

1)
−1F v

2 ξ
v

t + 4ξvTt F vT

2

[

(h2 − τ2(t2))e2v − e4v
]

ξvt

+ 3(h2 − τ2(t2))ξ
vT

t F vT

3 (Rv

2)
−1F v

3 ξ
v

t + 6ξvTt F vT

3

[

(h2 − τ2(t2))e2v − e4v
]

ξvt

+ τ2(t2)ξ
vT

t F vT

4 (Qv

3)
−1F v

4 ξ
v

t + 2ξvTt F vT

4

[

e5v e1v − e2v
]

ξvt

+ τ2(t2)
2ξvTt F vT

5 (Rv

1)
−1F v

5 ξ
v

t + 4ξvTt F vT

5

[

τ2(t2)e1v − e5v
]

ξvt

+ 3τ2(t2)ξ
vT

t
F vT

6 (Rv

2)
−1F v

6 ξ
v

t
+ 6ξvT

t
F vT

6

[

τ2(t2)e1v − e5v
]

ξv
t

Computing zT (t1, t2)z(t1, t2)− γ2ωT (t1, t2)ω(t1, t2), we have

zT (t1, t2)z(t1, t2)− γ2ωT (t1, t2)ω(t1, t2) = ξhT
t

H̃1ξ
h

t
+ ξvT

t
H̃2ξ

v

t

+ ωTLTLω − γ2ωT (t1, t2)ω(t1, t2)

with H̃1 = diag
{

HT
1 H1 0 0 0 0

}

and H̃2 = diag
{

HT
2 H2 0 0 0 0

}

Thus, we have

div(V (xh

t1
(t1, t2), x

v

t2
(t1, t2))) + zT (t1, t2)z(t1, t2)− γ2ωT (t1, t2)ω(t1, t2) < 0

(32)

which is equivalent to the following inequality

div(V (xh

t1
(t1, t2), x

v

t2
(t1, t2))) +

[

ξhTt ξvTt ωT
]





H̃1 0 0

∗ H̃2 0
∗ ∗ LTL− γ2I









ξht
ξv
t

ω



 < 0

(33)

Thus, we have

[

ξhTt ξvTt ωT
] {

Γ0 + τ1(t1)Γ1 + τ2(t2)Γ2 + τ1(t1)
2γh

3 + τ2(t2)
2γv

3

}





ξht
ξvt
ω



 < 0
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where Γ0, Γ1 and Γ2 are given by the following equations :

Γ0 = Ξ0 + γ0, Γ1 = Ξ1 + γ1, Γ2 = Ξ2 + γ2

with Ξ0, Ξ1 and Ξ2 are given in Theorem 3 and γ0, γ1, γ2, γ
h
3 and γv

3 are
given previously in the proof of theorem 2.

As in the proof of Theorem 2, by using lemma 1 and Schur complement,
one gets the LMIs given in Theorem 3.

For a prescribed scalar γ ≻ 0, the performance index is defined as

J =

∫

∞

0

∫

∞

0

(zT (t1, t2)z(t1, t2)− γ2ωT (t1, t2)ω(t1, t2))dt1dt2

When ω(t1, t2) = 0, (32) means div(V (xh
t1
(t1, t2), x

v
t2
(t1, t2))) < 0, therefore

the system (31) is asymptotically stable in the case of ω(t1, t2) = 0.
When ω(t1, t2) 6= 0, integrating twice both sides of (32) from 0 to ∞ and

from 0 to ∞ yields :

∫

∞

0

∫

∞

0

[

zT (t1, t2)z(t1, t2)− γ2ωT (t1, t2)ω(t1, t2)
]

dt1dt2 (34)

< −
∫

∞

0

∫

∞

0

div(V (xh

t1
(t1, t2), x

v

t2
(t1, t2)))dt1dt2 (35)

From (5), it can be obtained that :

∫

∞

0

∫

∞

0

div(V (xh

t1
(t1, t2), x

v

t2
(t1, t2)))dt1dt2 =

∫

∞

0

∫

∞

0

∂V h(xh
t1
(t1, t2))

∂t1
dt1dt2

+

∫

∞

0

∫

∞

0

∂V v(xv
t2
(t1, t2))

∂t2
dt1dt2

Then, the inequatilty (34) can be written as :

∫

∞

0

∫

∞

0

∂V h(xh
t1
(t1, t2))

∂t1
dt1dt2

+

∫

∞

0

∫

∞

0

∂V v(xv
t2
(t1, t2))

∂t2
dt2dt1 + J < 0

∫

∞

0

[

V h(xh

t1
(∞, t2))− V h(xh

t1
(0, t2))

]

dt2

+

∫

∞

0

[

V v(xv

t2
(t1,∞))− V v(xv

t2
(t1, 0))

]

dt1 + J < 0

∫

∞

0

V h(xh

t1
(∞, t2))dt2 −

∫

∞

0

V h(xh

t1
(0, t2))dt2 +

∫

∞

0

V v(xv

t2
(t1,∞))dt1

−
∫

∞

0

V v(xv

t2
(t1, 0))dt1 + J < 0
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Note that under zero initial conditions, we have
∫

∞

0
V h(xh

t1
(0, t2))dt2 = 0 and

∫

∞

0
V v(xv

t2
(t1, 0))dt1 = 0 while

∫

∞

0
V h(xh

t1
(∞, t2))dt2 > 0

and
∫

∞

0
V v(xv

t2
(t1,∞))dt1 > 0

Therefore J < 0 which can be written as
∫

∞

0

∫

∞

0

zT (t1, t2)z(t1, t2)dt1dt2 < γ2ωT (t1, t2)ω(t1, t2)dt1dt2

That is
‖z(t1, t2)‖2 < γ ‖ω(t1, t2)‖2

This completes the proof.


